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The article presents the results of the experimental and numerical analysis of microvoids
evolution in elements made of S235JR steel under multi-axial stress state. The numerical sim-
ulations were based on the modified Gurson-Tvergaard-Needleman (GTN) material model,
taking into account the impact of microstructural defects on the material strength. Two ap-
proaches were used, assuming a global and local damage of the structure of S235JR steel. In
both cases, the evolution of microdamage (voids) and their impact on the strength and failure
of the material were analysed. The results of numerical simulations were similar to the results
obtained during microstructural examinations.

Key words: Gurson, Gurson-Tvergaard-Needleman (GTN) material model, multi-axial stress
states, S235JR steel, microvoids, numerical simulations.

1. Introduction

The catastrophic failures of engineering structures occuring recently in Poland
have led to more extensive research into pre-failure conditions and estimation
of limit loads beyond the elastic range. The damage initiation is strongly con-
nected with the different processes, such as overload and corrosion taking place
during the operation of the structure. These phenomena reduce the suitability
of the structural elements for use, which in an extreme situation may lead to
a total destruction of whole structure. In Fig. 1 the corrosion hole is shown as
an example of the material structure discontinuity, which strongly reduces the
load-bearing capacity of the bridge structural element. Such discontinuity and
the thinning of the element’s web observed around the corrosion hole changes
locally the prevailing strain and stress state, leading to the reduction of the
material strength.



288 P.G. KOSSAKOWSKI, W. TRĄMPCZYŃSKI

Fig. 1. Corrosion hole in bridge structural element.

In the situation analysed, the material is subjected to different (spatial,
multi-axial) stress state in comparison to the design assumptions. The transition
of the material above the yield strength in a non-linear range may be the most
dangerous consequence of discussed damages. It leads to the increase of the
stress components which were negligible in the uniaxial stress state. Finally, it
may induce the destruction of the individual structural element and ultimately
the collapse of the entire structure. Thus, the analysis of multi-axial stress states
which may take place during the pre-failure states is especially important issue
from a practical point of view and should be subjected to the detailed strength
analyses.
For elements under the action of uniaxial stress the strength analysis is

relatively easy to conduct. When the failure stress is a three-stress function, the
elements are subjected to the multi-axial stress states and the analysis becomes
more complicated. In such case, the safety of a steel structure can be assessed
using the so called Huber-Mises-Hencky (HMH) strength hypotheses, but
by assuming the continuum of the material, the HMH model is not suitable to
analyse the plastic state of material.
The multi-axial stress state is often realized during experiments with using

a tensile bar of circular cross-section with the circumferential annular notch
(Fig. 2).
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Fig. 2. Geometry and stress state components of a tensile bar of circular cross-section
with the circumferential annular notch.

A notch simulates the so-called neck which is observed in the smooth speci-
mens as a result of plasticity in the range of large local deformations. The initial
state of stress may be determined by choosing a suitable geometry, in particu-
lar, the depth of a notch. Multi-axial state of stress is defined by the so-called
stress triaxiality σm/σe, where σm and σe denotes the mean normal stress and
the effective stress, respectively. For a smooth specimen stress triaxiality reaches
limit, minimal value, i.e. σm/σe = 1/3. For a tensile bar of circular cross-section
with a circumferential annular notch the initial stress triaxiality σm/σe often is
determined by using the Bridgman’s solution [1]. For the middle plane of the
notch stress triaxiality σm/σe is defined as

(1.1)
σm
σe

=
1

3
+ ln

(
r0
2ρ0

+ 1

)
,

where σm = (σ11 + σ22 + σ33)/3 – mean normal stress, σe – effective stress,
r0 – initial minimal radius, ρ0 – initial notch radius.
As can be seen in formula (1.1), when the failure stress is a three-stress

function the strength analysis is complicated, especially for damaged elements
which are plastically deformed. As mentioned above in such situation, the clas-
sical strength hypotheses such as Huber-Mises-Hencky (HMH) hypothesis
cannot be used due to assuming the continuum of the material structure. The
damage material models taking into account the impact of the microdefects of
the material structure on the material strength should be applied.
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The structural damage of metallic materials, i.e. the process of crack ini-
tiation and propagation of polycrystalline structure is closely related to the
microstructure of the material. Several basic types of fracture mechanisms such
as plastic, cleavage and brittle intergranular, shear or void-sheeting and ductile
may be observed [2]. For ductile and shear fracture, the cracking is connected
with the nucleation, growth and coalescence of microstructure defects, in the
form of voids. Voids are formed on both the material matrix and the existing
non-metallic inclusions and second-phase particles. The damage occurs through
the growth and coalescence of voids resulting in the development of localised
plastic deformations (Fig. 3).

Fig. 3. Ductile fracture micro-mechanism and void evolution in multi-axial stress states.

The evolution of the micro-defects (voids) is one of the significant steps
during ductile fracture process. It is a complex phenomenon, depending on many
processes such as anisotropy of the voids distribution, spacing, and shape, void
nucleation, changes and evolution in void shapes, void-to-void interactions and
the nucleation and growth of secondary voids. Voids evolutions determines the
localisation of the micro-crack initiation, leading to the process zone forming and
finally to the material failure. In many cases, the local damage of the structural
elements occurs due to the micro-defects evolution and growth, which in the
extreme situation may lead to the total collapse of the structure.
Phenomena described above and connected to ductile fracture of metals can

be analysed using damage models taking into account the influence of the mi-
crostructural defects on the material strength by defining the relationship be-
tween the particular failure stages and the strength of the material, which is
shown schematically in Fig. 4.
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Fig. 4. Reduction of material strength according to general damage material model.

When damage is initiated, the decrease of the material strength is observed,
resulting in the decrease of the stress σd, determined taking into consideration
the damage impact. For the fully dense material, without structural damages,
the stress σ increases in whole range of deformation. The decrease of the material
strength and stress σd is called as softening phenomenon.
One of the first damage material models was Gurson model [3] for porous

solids. It was the modification of HMH criterion, defining the influence of an
increase in the void volume fraction on the strength of the material, according
to the following formula

(1.2) Φ =

(
σe
σ0

)2

+ 2f cosh

(
3σm
2σ0

)
− 1− f2 = 0,

where Φ – non-dilatational strain energy, σe – effective stress according to the
HMH hypothesis, σ0 – yield stress of the material, σm – hydrostatic pressure
(mean stress), f – void volume fraction.
The original Gurson failure criterion was further modified by Tveerga-

ard [4] and then by Tvergaard and Needleman [5], as a method reffered
GTN for the estimation of failure loads resulting from ductile fracture taking
into account the microstructural parameters and plastic properties of a material,
which is presented in further part of this study.
The GTN method is widely used in various engineering issues. According

to the current standards, for instance [6] and its commentary by Sedlacek
et al. [7], the GTN model is a basic damage model recommended to use in the
analysis of emergency condition for building structures.
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Analysing the current state of knowledge on the use of GTN model in the
numerical simulation of ductile fracture of steel it can be concluded that there
is no comprehensive approach, which allows to carry out numerical calculations
for any elements. The numerical simulations are performed using the method of
best fit the GTN material parameters for elements with predetermined geome-
tries and strength properties. The GTN parameters are frequently determined
basing on the curve fitting technique, without taking into account the typical
or boundary parameters values specified in literature. Consequently, the lack
of standardised microstructural parameters to develop a GTN model for steels
used most commonly in civil engineering is a basic drawback.
Another problem encountered during numerical simulations of nonlinear

ranges is proper way of modelling and perform engineering calculations. During
simulations of ductile fracture using the finite element method and the GTN
model, size effects are encountered, revealing the softening of the final part of
the strength curve. Several methods have been tested to minimize the softening
effect (e.g. [8–10]), but their applications is limited due to the lack of procedures
in the available engineering software.
Taking into consideration the importance of practical issues related to the

safety assessment of steel structures and components and described above prob-
lems, it is necessary to elaborate a computational procedure which allows the
numerical estimation of the limit load capacity of the elements operating in the
nonlinear ranges and simulation of the material failure.
Therefore, a wide research program was focused on elaboration of procedures

allowing for the numerical analysis of load-bearing capacity of steel building
construction elements operating in pre-failure states, taking into account the
impact of microdamage using the modified GTN material model. S235JR steel
was tested, which is the main steel grade used in construction, so the results
will be helpful in analysis and expert opinions on the load-bearing capacity of
steel components and structures.
Taking into account that micro-evolution is a fundamental process influenc-

ing the state of stress and strain, and directly affects the strength of the material,
in the first stage, the research was focused on this issue [11–13] and to develop a
methodology of numerical calculations [14]. The next stage of the study includes
the determination of GTN model parameters and their sensitivity analysis for
S235JR steel.
In contrast to the approach based on matching the material constants for

the elements of a particular geometry and strength properties on the basis of
curve fitting technique, it is proposed to determine GTN parameters based on
actual microstructure and strength parameters determined experimentally. The
researches already done were related to the experimental determination of the
initial porosity of S235JR steel [11–14].
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This article presents the results of experimental and numerical analysis of the
evolution of the microstructure damage of S235JR steel. The studies concerned
the elements under a multi-axial stress state described by the so-called stress
triaxiality σm/σe, defined as the ratio of mean stress σm to effective normal
stress σe. Taking into account that observed during the studies the effects were
most intense for elements with a stress triaxiality above unity [11–13], detailed
analysis were performed for elements with the highest value of stress triaxiality,
i.e. σm/σe = 1.345.
In the studies the GTN model parameters such as initial void volume fraction

f0 and Tvergaard’s parameters qi were determined experimentally, basing on
the actual properties of the microstructure and strength of S235JR steel, as well
as the results of studies performed before [11–16].
During the numerical simulations two approaches were used, assuming global

and local damage to the material structure. In both cases, the evolution of
microdamage (voids) and their impact on the strength and the failure of the
material were analysed.

2. Modified Gurson-Tvergaard-Needleman (GTN)
damage material model

According to the modified Gurson-Tvergaard-Needleman material mo-
del [4, 5] the failure criterion is defined as following

(2.1) Φ =

(
σe
σ0

)2

+ 2q1f
∗ cosh

(
q2
3σm
2σ0

)
−
(
1 + q3f

∗2) = 0,

where Φ – non-dilatational strain energy, σe – effective stress according to the
HMH hypothesis, σ0 – yield stress of the material, σm – hydrostatic pressure
(mean stress), f∗ – modified void volume fraction, qi – Tvergaard’s parame-
ters describing the plastic properties of the material.
As can be seen, the modified GTN yield criterion (2.1) is described by many

material constants, including microstructural properties such as modified void
volume fraction f∗, and strength properties defined by Tvergaard’s parame-
ters qi and yield stress σ0.
The modified void volume fraction f∗ is defined as follows:

(2.2) f∗ =


f for f ≤ fc,

fc +
fF − fc
fF − fc

(f − fc) for fc < f < fF ,

fF for f ≥ fF ,
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where fc – critical void volume fraction at which the void coalescence starts,
fF – void volume fraction corresponding to the complete loss of the material
strength, at final separation of the material, fF =

(
q1 +

√
q21 − q3

)
/q3.

As can be seen, at the beginning, when the material is not subjected to the
deformation, modified void volume fraction f∗ is equal to the initial void volume
fraction f0, being a basic GTN material parameter connected to the material
porosity.
Tvergaard’s parameters qi have influence on strength properties of the ma-

terial. The modified void volume fraction f∗ is changed by first Tvergaard’s
parameter q1 in the yield domain (2.1). The strength of the material is de-
creased for higher values of q1 parameter, revealing the softening phenomenon
due to void growth dominating over hardening properties of the matrix material
(Fig. 5a). Higher values of q1 lead to stronger softening. The optimal value of
q1 = 1.5 was proposed by Tvergaard [4] to model numerically the localisation
of plastic deformations effect and fracture phenomena for many porous solids,
including metals.

a) b)

Fig. 5. Influence of Tvergaard’s parameters q1 and q2 on nonlinear response of GTN con-
stitutive law at ε22/ε11 = 1.0 for: a) 1.0 ≤ q1 ≤ 2.0; b) 0.75 ≤ q2 ≤ 1.25 [17].

The second Tvergaard’s parameter q2 have impact on the hydro-static
component σm = σkk/3, being in relation to the first invariant of the stress
state σkk. The yield limit is strongly reduced for high values of parameter q2,
leading to the strong softening due to the void growth, revealing the annihilation
of the strain hardening properties of the matrix material (Fig. 5b). The optimal
value q2 = 1.0 was suggested by Tvergaard [18].
Summing up, typical and suggested values of Tvergaard’s parameters qi

were established as q1 = 1.5, q2 = 1.0 and q3 = q21 = 2.25 for many metal
materials, including steel, being treated as constant for many years. The results
of studies of Faleskog et al. [15] revealed, that Tvergaard’s parameters are
dependent on the elastic-plastic properties of the material, such as strain hard-
ening exponent N and yield stress σ0 to modulus of elasticity E ratio (Fig. 6).
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a) b)

Fig. 6. Correlations q1 (a) and q2 (b) to strain hardening N , for different σ0/E ratios [15].

An increase in the void volume fraction ḟ is defined by relationship:

(2.3) ḟ = ḟgr + ḟnucl = (1− f)ε̇pl : I+
fN

sN
√
2π

exp

−1

2

(
εplem − εN

sN

)2
· ε̇plem,

where: ḟgr – change due to growth of voids existing in the material, ḟnucl –
change due to nucleation of new voids, fN – volume fraction of nucleated voids,
sN – standard deviation of nucleation strain, ε̇

pl – plastic strain rate tensor,
I – second-order unit tensor, εN – mean strain of the void nucleation, ε

pl
em –

equivalent plastic strain in the matrix material, ε̇plem – equivalent plastic strain
rate in the matrix material.

3. GTN model parameters of S235JR steel

3.1. Microstructural examinations

The first step of the material examinations was to obtain the images of
the microstructure of S235JR steel [19]. The images were taken using the light
metallographic microscope with magnification ×100÷1000. The sections were
cut of the material intended to the strength tests. After the sections were cut
out, the specimens were digested and polished.
S235JR steel belongs to a group of low, mild carbon steel having a maximum

carbon content of C = 0.2% and the maximum contents of elements: Mn =
1.40%, P = 0.035%, S = 0.035% and N = 0.012%.
The observed microstructure was a ferritic-perlitic type (Fig. 7a). In longi-

tudinal section the ferrite grain were equally axial, while pearlite grains were
elongated by the material forming (rolling). The contribution of perlite was es-
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a) b)

Fig. 7. Microstructure of S235JR steel: a) sample after digestion, b) sample after
polishing [19].

timated to be approximately 10–20%. As can be seen in Fig. 7b, there are a
large number of non-metallic inclusions.
Observed non-metallic inclusions are mainly sulfides and brittle oxides. The

sulphide inclusions were characterized by an elongated shape and their length
reached up to 61.9 µm. These inclusions were irregularly distributed in the
volume of material and formed the bands. The second type of non-metallic
inclusions were brittle oxide inclusions. They have a shape close to rectangular
and sometimes occurred with sulphide inclusions.
In order to fully characterize the tested material in terms of the observed

non-metallic inclusions, the basic parameters of the stereological for inclusions
were measured. The initial void volume fraction of the inclusions was estimated
at a maximum level of 0.17% (for the central part of the cross section).

3.2. Strength tests and numerical simulations

In order to determine the strength parameters of S235JR steel the standard
static tensile test was performed for specimens with a circular cross-section,
according to [20]. The tests were performed using 322 MTS testing machine with
capacity of 100 kN and a hydraulic drive with controlled increase of displacement
(Fig. 8b).
The nominal diameter of the specimens was d = 10 mm, the length of the

measuring base l0 = 50mm, and the primary cross-sectional area S0 = 78.5mm2

(Fig. 8a). The number of the test was n = 8 specimens.
The average values of strength parameters for the significance level of 0.05

were obtained as follows: the yield stress R0.2 = 318.3±2.59 MPa with standard
deviation s = 3.73 MPa, the tensile strength Rm = 457.4 ± 4.91 MPa with
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a) b)

Fig. 8. Sample used in strength tensile tests of S235JR steel (a); sample subjected to
tension (b).

standard deviation s = 7.09 MPa, and the percentage elongation At = 33.3 ±
1.47% with standard deviation s = 2.13%. The modulus of elasticity was E =
205 GPa and coefficient of transverse elasticity was G = 80 GPa. During the
test the nominal normal stress σ and the longitudinal strain ε were determined
as a function σ(ε).

3.3. Determination of material parameters of GTN model

Material parameters of GTN model for S235JR steel were determined basing
on the results of microstructural studies, strength parameters and numerical
modeling of the standard tensile test and results obtained in previous studies
[11–14].
The initial void volume fraction was determined during the microstructural

examinations shown in Subsec. 3.1 as f0 = 0.0017 = 0.17% [19].
The Tvergaard’s parameters were determined according to results ob-

tained by Faleskog et al. [15] and established as q1 = 1.90, q2 = 0.81 and
q3 = 3.61 for the ratio R0.2/E = 0.00155 with strain-hardening exponent
N = 0.183.
Other parameters of the model for S235JR steel were assumed to fit final

results (Fig. 19) and according to data obtained during tests carried out by the
authors [11–14].
Numerical calculations were performed using a program based on finite ele-

ment method Abaqus Explicit 6.10. The elements were modelled as an axially-
symmetric, using standard CAX4R elements [21]. The model parameters were
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determined based on the tensile curves σ(ε) determined experimentally and
fitted by numerical simulations. At each iteration step, the values of the GTN
model parameters were changed within certain limits. The optimization criterion
was the convergence of the σ(ε) values obtained numerically and experimentally.
During the numerical simulation elastic-plastic properties of S235JR steel

were described by appromaximating function as following:

(3.1)
σ

σ0
=

(
σ

σ0
+

3G

σ0
εplem

)N

,

where σ – stress, σ0 – yield stress of the material, ε
pl
em – equivalent plastic

strain in the matrix material, G – coefficient of transverse elasticity, N – strain-
hardening exponent.

Fig. 9. Approximation of tensile curve σ(ε) according to Eq. (3.1).

At the end:
• the critical value of volume fraction fc, above which the nominal material
strength decreased, was assumed as fc = 0.06 (as suggested by Richelsen
and Tvergaard [22], the critical value of the void volume fraction, fc, is
dependent on the initial void volume fraction f0). It ranges from fc = 0.04
at f0 = 0.0 to fc = 0.12 at f0 = 0.06,

• the value of the void volume fraction corresponding to the complete loss
of material strength fF was assumed as fF = 0.667 in order to analyse
whole range of material deformations, especially at the failure range,

• other GTN material parameters were assumed as following: the volume
fraction of the nucleated voids fN = 0.04, the average nucleation (initia-
tion) strain of inclusion-related voids εN = 0.3, and the standard deviation
of the nucleation strain sN = 0.05.
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All parameters of GTN model for S235JR steel are summarized in Table 1,
the parameters determined experimentally are marked with bold.

Table 1. Microstructural parameters of GTN model of S235JR steel.

f0 fc fF q1 q2 q3 εN fN sN

0.0017 0.06 0.667 1.90 0.81 3.61 0.30 0.04 0.05

4. Analysis of microvoids evolution in S235JR steel

4.1. Strength tests of tensile elements under multi-axial stress state

As part of a wide research program [11–14] the tensile specimens with cir-
cular cross-sections for different notch radii ρ0 (Fig. 10) were tested. It al-
lowed to obtain the multi-axial stress state defined by stress triaxiality ranged
from σm/σe = 0.556 up to σm/σe = 1.345, according to Bridgman’s solution
Eq. (1.1).

a) b)

Fig. 10. Geometry (a) and view of ring-notched round specimen subjected to tension
in multi-axial stress state (b).

Taking into account that observed during the studies [11–14] the effects were
most intense for elements with a high stress triaxiality, for σm/σe > 1, detailed
analysis was performed for elements with the highest value of stress triaxiality,
i.e. σm/σe = 1.345.
The elements with diameters of 2R0 = 14.0 mm and 2r0 = 7.0 mm and the

bottom of the notch radius ρ0 = 1.0 mm were tested, which allowed to obtain a
multi-axial state of stress corresponding to the value of stress triaxiality σm/σe =
1.345. The experimental examinations included tensile strength tests, during
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which specimens were subjected to static tension. The quantities measured were
force F and displacement of points distributed symmetrically along the specimen
l, with the extensometer initial length being l0s = 32.56 mm (Fig. 10).

4.2. Microstructural examinations of microvoids evolution

In this part of the research the microstructural images of fracture areas
(Fig. 11) and microsections (Fig. 13) of samples subjected to strength tests
were made. The sections were cut of the notched tensile specimens subjected
to multi-axial stress state according to a scheme shown in Fig. 12. After the
sections were cut out, the samples were digested.

a) b)

Fig. 11. The microstructure of fracture: a) magnification ×300, b) magnification ×2400.

Fig. 12. Denotation of particular microsections (a), (b) and (c).

The scanning photography technique was applied, with using the scanning
microscope JEOL JSM-5400 with maximum magnification of 200 000.
The numerous voids around the non-metallic inclusions (Fig. 11) were ob-

served in the fracture area. The voids were formed by the separation of foreign
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a)

b)

c)

Fig. 13. The images of particular microsections (a), (b) and (c) according to Fig. 12.

phase particles (inclusions) from the matrix. The consequence of the process was
the nucleation of voids at the inclusions and the growth and interconnection of
the voids during further deformation. The intensity of the process of void nu-
cleation and growth decreased as the distance from the fracture area increased.
This was mainly due to changes in the stress state and a smaller deformation of
the specimen.
In the region below the fracture area around the notch (Fig. 13c) some non-

metallic inclusions were noticed also. They were underwent a slight deformation
in comparison to the region of fracture area, consequently the process of void
nucleation and growth did not occur in this region.
The phenomenon of void nucleation and growth was observed only in the

area of strong plastic deformation, i.e. in the fracture area, which was confirmed
by a numerical analysis discussed further in the paper.
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4.3. Numerical simulation of microvoids evolution

In the next stage of the analysis the numerical calculations were carried out,
in order to simulate the evolution of microvoids during the plasticity process of
S235JR steel until the complete failure of the material.
The numerical calculations were performed using Abaqus version 6.10. The

samples of circular cross section with a ring notch of radius ρ0 = 1.0 mm used
during the strength tests described previously, were modelled. The specimens
were subjected to static tension at a controlled rate of displacement 4 mm/min,
similarly as in the experiments. Samples were modelled as an axially symmetric,
using the standard elements of the 4-nodal CAX4R [21]. Due to the symmetry of
the problem, only quarter of the samples were modelled. The height of numerical
models corresponded to half the length of the extensometer, i.e. 16.28 mm.

a) b)

Fig. 14. Tested element (a); numerical model (b).

The modified Gurson-Tvergaard-Needleman (GTN) material model was used
with a nonlinear dynamic analysis explicite.
During numerical simulations two approaches were applied:
• GTN model, a global approach,
• Cell model, a local approach.
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4.3.1. GTN Numerical Model. The global approach was used assuming a
model of a porous GTN material model for whole numerical model, as shown
in Fig. 15. The GTN material parameters were assumed according to the values
given in Subsec. 3.2 (Table 1). The results obtained using this approach are
marked on charts as GTN model.
The mesh in the region close to the fracture plane, so-called process zone,

was modelled with using finite elements of width equal to 250 µm, while the
height of the finite elements was different, ranging from 50 µm up to 350 µm,
as it is shown in Fig. 15.

Fig. 15. GTN numerical model.

4.3.2. Cell Numerical Model. The second approach was based on observa-
tions of the formation and evolution of the microstructure of S235JR steel and
the results of the analysis contained in [11–16, 23, 24]. As mentioned before,
the failure of many metals is due to increased microdamage. This mechanism
reveals the macroscopic, local, the so-called process zone of a thickness corre-
sponding to one-, two distances between microdamages and it is characterised
by considerable plastic deformations. Outside of this area, voids does not show
significant growth, which reveals their minimal impact on the softening of the
material and decrease its strength.
Numerical implementation of the above phenomena in numerical computa-

tion is based on the separation of the area directly adjacent to the crack plane
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and using the material model takes into account the microdamage there, such
as GTN model. For the rest of numerical model the elastic-plastic material with
no damage of the microstructure is used (Fig. 16). The model of porous material
is assumed locally to the area in which a significant increase of microvoids and
the initiation of cracking is expected.

Fig. 16. Implementation of Cell method in numerical calculations (basing on Ref. [15]).

The basic issue is the assuming of an appropriate size of the process zone, so
that the softening of the material to represent the physical processes occurring.
Taking into account the results of analysis carried out for tensile elements [14],
the thickness of the process zone was assumed based on the method proposed
by Hancock and Mackenzie [25]. The size of process zone defines the char-
acteristic length lc in the field of high stress and deformations. According to
the assumptions of this method, the failure of the material occurs as a result of
linking one or two cavities formed from colonies formed by the coalescence of
micro-inclusions initiated on second-phase particles. Length lc is identified with
the size of the cavities and micro-colony and it is determined by analysis of the
microstructure fractures.
Basing on the results of studies performed before [14] the size of the process

zone was defined as the average dimensions of an inclusion colony, i.e. charac-
teristic length lc, and determined during the microstructural examinations. The
size of inclusion colony was identified as the average dimensions of the mea-
sured plateaus and valleys on the castellated fracture surface. During the mea-
surements the Chauvenet’s criterion was applied and all a typical values were
rejected. Twenty measurements were made. The size of process zone ranged from
140 to 370 mm, and the average value was determined as D ≈ 250 µm (Fig. 17).
The porous GTN material was assumed in numerical model for the layer ad-

jacent to the plane of fracture (Fig. 18). Considering the symmetry of the prob-
lem, the thickness of the layer modelling process zone was assumed as 125 µm.
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Fig. 17. Determination of dimensions of process zone identified as characteristic length lc.

Fig. 18. Cell numerical model.

For the rest of the numerical model the elastic-plastic material was assumed
basing on the approximating function (3.1). The results obtained using this
approach are referred as Cell model.
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4.3.3. Result of numerical analysis. Numerical simulation of microvoids evo-
lution was based on an analysis of changes in the Void Volume Fraction (VVF )
following in the plasticity process of S235JR steel. Based on the results of exper-
imental studies and numerical simulations using GTN and Cell models, force-
elongation curves F (l) for the corresponding points based on extensometer were
obtained. The Void Volume Fraction VVF curves as a function of elongation
l for the center of elements at the point marked as IN and the bottom of the
notch at the point labelled OUT (according to Fig. 14) were obtained.
As is clear from the force-elongation curves F (l) for all analyzed elements

the force F determined in numerical simulations are consistent with the results
of experimental studies. For both used models, GTN and Cell, for the range
from maximal force F up to the material failure the compatibility of the results
obtained numerically and experimentally was noticed (Fig. 19).

Fig. 19. Force F and Void Volume Fraction VVF versus elongation l curves
for points IN and OUT.

Differences in the values of F (l) reveals the end of their parts, when the
maximum force is exceeded.
When using the GTN model, a slight softening phenomenon was observed,

progressing in ever greater extent up to the failure. In the final phase of defor-
mation, the noticeable changes in the slope of the curve F (l) is noticed, but no
sudden decrease of force is observed at the failure moment, which corresponds
to the elongation reached a value of l = 1.066 mm. When Cell model was used,
the opposite effect was observed, i.e. higher values of force F compared to the
value determined during the experiments. At the moment of failure the curve
F (l) determined numerically falls rapidly, until the total loss of the load-bearing
capacity of the element.
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Analysing the process of microvoids evolution it should first be noted that in
all the analysed elements in the initial stages of deformation, there was no nucle-
ation and growth of voids (Fig. 19). The beginning of the process of nucleation
and growth of the void volume fraction was observed just before the maximum
force was achieved. The initial process of growth of voids was particularly in-
tense in the outer parts, for the point labelled OUT. After the maximum force
was achieved, the rate of growth of voids increases, which corresponds to the
elongation l ≈ 0.90 mm. At the moment just before the failure, for l = 1.05 mm,
the beginning of the rapid growth of voids in the middle of the sample (in point
IN) compared with the external part (in point OUT) was observed. In the fur-
ther process of deformation the voids increased much more intensively and faster
in the middle part of elements in relation to the outside part (Fig. 21–23, and
26–28). It can be concluded that in all analysed cases, the failure proceeded
from inside to outside elements.
For both, the GTN and Cell model, the mechanism of nucleation and mi-

crovoids evolutions is similar (Fig. 20, 25). In the outer parts of the elements, the
void nucleation occurs at the the level of elongation l ≈ 0.40 mm, and quickly
stabilizes at l ≈ 0.65 mm. A further evolution of voids is due to their growth. In
the case of the inner part of the elements the process described above is similar,
but occurs much later, for elongations l ≈ 0.95 mm and l ≈ 1.05 mm respec-
tively. Similarly to the differences in the final force-elongation curves obtained
using the GTN and Cell models, the differences in curves of Void Volume Frac-
tion VVF were observed in the final phase of simulation, for l > 1.05 mm, for
the phase corresponding to the material failure. The higher growth rate of VVF

Fig. 20. Void Volume Fraction VVF, Void Volume Fraction due to Void Nucleation VVFN
and Void Volume Fraction due to Void Growth VVFG versus elongation l curves for points

IN and OUT, GTN model.
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a) b)

Fig. 21. Void Volume Fraction VVF maps, GTN model : a) l = 1.04 mm, b) l = 1.07 mm.

a) b)

Fig. 22. Void Volume Fraction due to Void Nucleation VVFN, GTN model : a) l = 1.04 mm,
b) l = 1.07 mm.

a) b)

Fig. 23. Void Volume Fraction due to Void Growth VVFG, GTN model : a) l = 1.04 mm,
b) l = 1.07 mm.

was observed using the Cell model in comparison to the GTN model. Critical
values of Void Volume Fraction VVF = 0.10 and VVF = 0.13 at the material
failure were noticed for l = 1.066 mm, respectively for the GTN and Cell model
(Fig. 19, 20 and 25). In a further range of simulation increasingly higher values
of VVF were observed when using Cell model compared to GTN model.
It can be seen clearly that the use of local softening of the material by

using the Cell model has significant effects on the evolution of microdamage as
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a) b)

Fig. 24. Stress triaxiality maps σm/σe, GTN model : a) l = 1.04 mm, b) l = 1.07 mm.

Fig. 25. Void Volume Fraction VVF, Void Volume Fraction due to Void Nucleation VVFN
and Void Volume Fraction due to Void Growth VVFG versus elongation l curves for points

IN and OUT, Cell model.

compared to the global approach, theGTN model. Assuming the porous material
only in parts of an element leads on the one hand to the global strengthening,
on the other hand, when the microvoids are growing, indicates a sudden drop
in force, rapidly leading to the failure of the material.
Observed phenomena of evolution of microdamage described above are closely

connected to changes in stress state around the bottom of the notch. When the
load decreased, corresponding to the beginning of the material failure process,
the increase of stress σm/σe was observed. These changes were less noticeable
when using GTN model, where at the material failure the maximum value of
σm/σe increased from of the value of σm/σe = 3.44 to σm/σe = 3.61 at the
middle of element (Fig. 24). In the case of Cell model the above phenomena
were more intense, because σm/σe increased almost twice, from σm/σe = 2.12
up to σm/σe = 4.16 (Fig. 29).
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a) b)

Fig. 26. Void Volume Fraction VVF maps, Cell model : a) l = 1.06 mm, b) l = 1.10 mm.

a) b)

Fig. 27. Void Volume Fraction due to Void Nucleation VVFN, Cell model :
a) l = 1.06 mm, b) l = 1.10 mm.

a) b)

Fig. 28. Void Volume Fraction due to Void Growth VVFG, Cell model :
a) l = 1.06 mm, b) l = 1.10 mm.

a) b)

Fig. 29. Stress triaxiality maps σm/σe, Cell model : a) l = 1.06 mm, b) l = 1.10 mm.
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Another characteristic phenomenon observed in all analysed elements was
that the damage growth followed in a very small volume of material. Growth of
voids included elements lying directly in the plane of the smallest cross section,
near the bottom of the notch (Fig. 21–23). The same conclusion are drown from
both the microstructural studies and numerical simulations.
From the point of view of micro-simulation of the evolution of the material

structure, using in numerical calculations the local approach gives qualitatively
better results in comparison with the classical global approach. The assuming of
the so-called process zone, however, requires determining in advance the places
where one would expect nucleation and growth of microvoids, leading eventu-
ally to the failure. In very complicated cases, where it is difficult to one hundred
percent certainty correctly identify the location and extent of process zone, the
local approach could lead to errors, resulting in an underestimation or overesti-
mation of the carrying capacity of the element. In such a situation it should be
a two-step calculations applied, pre-specifying the damaged area, by using for
example global GTN model. In the next stage of the calculation, with already
defined process zone, it would be possible to assume a local approach, e.g. using
Cell method.

5. Conclusions

The article presents the results of analysis of the microdamage evolution
of S235JR steel under multi-axial stress state, based on the modified Gurson-
Tvergaard-Needleman (GTN) model, taking into account the structure of the
material.
To sum up the results of research it should be noted that:

• application of the modified GTN model taking into account the real parame-
ters of the microstructure of steel S235JR made possible simulation of ductile
failure,

• the tensile strength curves obtained by applying global GTN model and local
Cell model were consistent with the experimental results,

• initial process of nucleation and growth of voids was particularly intense in
the outer parts of elements; after the maximum force was reached the growth
voids rate increased; at the moment when the force decreased suddenly, more
intense growth of voids in the middle part in comparison to the outer part of
elements was observed,

• the failure growth followed in a very small volume of material, covering the el-
ements lying directly in the plane of the smallest cross section near the bottom
of the notch; the same conclusion are drown from both the microstructural
studies and numerical simulations,
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• application of a local softening of the material (Cell model) has significant
effects on the evolution of microdamage as compared to the global approach
(GTN model); the strengthening of the material is observed when the porous
material is assumed only in parts of an element (Cell model); in such case a
sudden drop in load, rapidly leading to the failure of the material is noticed
due to the sudden microvoids growth,

• from the point of view of the micro-simulation of the voids evolution, the
local approach applied during numerical simulations gives qualitatively better
results in comparison to the classical global approach; the assuming of the so-
called process zone, however, requires determining in advance the places where
one would expect nucleation and growth of microvoids, leading eventually to
the failure, which in many complex cases can lead to computational errors.
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Modern high performance cutting processes force high demands on new machine tool con-
cepts with enhanced mechanical stability and better dynamic behavior. In the development of
innovative machine tool concepts the main focus is still set on the design of mechanical struc-
tures with parallel kinematics. The new machining center “X-Cut” consists of a double scissor
kinematic structure with a degree of parallelism of two, incorporating four drives for the XY -
plane movement. Thus, the arrangement of four interlinked axes leads to an over-determined
kinematic structure. Due to the complex behavior of the kinematic structure a new method in
NC-controller design and parameterization is needed, including enhanced compensation and
preloading algorithms.
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simulation.

1. Introduction

For more than 15 years, machine tools based on parallel kinematics have
become more important in manufacturing and handling applications. In fact,
the machine tool industry has great expectations in the development of this
type of machine structure; especially with respect to criteria such as stiffness,
acceleration, accuracy, and the advantage of realizing similar assembly parts.
Regarding the number of similar mechanical components that have to be as-
sembled, a remarkable effect on the economic efficiency in building up machine
tools has been anticipated. Experience resulting from the practical application
of parallel kinematics settled because the development of various machine tools
fell short of expectations due to disadvantages coming along with the non-linear
behaviour of the mechanical structure in the overall workspace envelope. Many
prototypes of machine tool concepts offer static stiffness in one preferred axis
of more than 100 N/µm. The values of stiffness in the axes perpendicular to
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the orientation of the struts drop down to very low levels of rarely more than
10 N/µm [1, 2].
High performance cutting processes puts a high demand on the concept of

new machine tools with improved mechanical stability and better dynamic be-
haviour. As a result of this, the main focus is set on the design of machine tool
structures with parallel kinematics. The first types of machine tools based on
parallel kinematics were built with a degree of parallelism of one, e.g. Quickstep
and Quickstep Neon [3]. This implies that there are as many drives in the ma-
chine as there are degrees-of-freedom offered for the tool and the Tool Centre
Point (TCP) respectively [2].
In order to overcome restrictions in mechanics due to non-linear behaviour, a

new approach has been found with a highly parallel design representing a kine-
matic structure offering a degree of parallelism of two, called “X-Cut” [4, 5]. The
main kinematic structure offers two degrees of freedom of motion, and hence it
allows in-plane movements. This kind of movement can already be performed
by a scissor-type of kinematic structure, e.g. the DynaM, as presented in [6]. In
order to get preloads into all kinematic transmission elements the scissor kine-
matic has to be doubled, thus the “V”-shape of the structure design becomes
an “X”-shape, and gives the name to the invention. Due to the over-determined
kinematic structure, it is possible to influence the preloading of all kinematic
transmission elements during machining and feed motion. Furthermore, the ba-
sic stiffness of the entire structure can be improved. Applying a preload also
affects the structure’s damping characteristics whereby vibrations, which are
introduced into the structure by reaction forces of acceleration and deceleration
due to positioning motion of the main spindle as well as time variant processing
forces, fade away much faster [4].
As a main focus of research, this innovative machine tool concept affords a

new type of control algorithm because, in addition to the standard NC-controlled
motion, it is necessary to integrate in the NC-control a strategy and control-
functionality to handle and optimize the pretensioning forces. Hence, adaptive
compensation methods have to be implemented with respect to motion and
processing demands [7–11].

2. Hardware

The following figure illustrates the machine tool concept “X-Cut”, with a 2D-
overdetermined kinematic structure highlighted in the colour red. The third de-
gree of motion is allocated in the work-piece slide. The control unit and the drives
were provided by the Austrian control system vendor, Bernecker & Rainer [5].
To realize a minimum CPU cycle time of 800 µs, an APC 620 is used with a

PP480 CNC panel in terminal mode as a HMI. The positioning of servo drives is
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Fig. 1. Machine tool concept X-Cut.

controlled by five ACOPOSmulti and a 30 kW spindle by an ACOPOS. These
servo motor controllers have a cyclic bus time of 400 µs. In addition to the
internal absolute encoder of the drives, each axis has a Heidenhain glass linear
scale mounted at the carriage to gain increased position accuracy [12].

3. Software

The machine tool NC-control is based on the Generic Motion Control soft-
ware of Bernecker & Rainer. The system is configured with a virtual Cartesian
coordinate system which is coupled with the real axis by an inverse transfor-
mation. The real TCP position is calculated by the virtual axis using a direct
transformation of the physical axis. Regarding the software structure in this
way, all positioning movements are defined by the Cartesian axes system and
the physical axes follow the set points. The motion path itself is generated by the
positioning requests directly to the virtual axes or by the NC kernel “ARNC0”

Fig. 2. Indirect and direct transformation.
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which interprets G-code based on DIN 66025 from a NC-file or the input of the
MDI. In any case, the position request is updated every 800 µs [12].
The ACOPOSmulti works with a three-layer controller architecture. In ad-

dition to the main positioning PI-controller, a secondary speed-controller and
a third torque controller is subordinated. Each controller can be adjusted sepa-
rately by the proportional band, the integral time and an offset, which can be
altered at runtime with the active axis control.

3.1. Direct transformation

The direct transformation calculates the X-, Y -, and Z-position of the TCP
in the workspace envelope using the real axis position. This is necessary for the
control task to interpret position requests in an accurate way and send the real
position to the HMI and the ARNC0. In fact, only the X- and the Y -positions
have to be calculated, whereas the virtual Z-axis is defined by the position
measure of the axis Q5 in the physical system.
For the calculation of the TCP-position, only the positions of two axes are

necessary. Thus in the first version of implementation, axes one and two were
used (see Fig. 3). To get a more symmetric situation an arrangement of op-

Fig. 3. Machine tool structure of X-Cut and kinematic parameters.
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posing axes has been used in a second version by taking axes one and three in
the position control loop. The following equations represent the direct coordi-
nate system transformation, where C1 and C2 are calculated as two constants
representing the geometrical dimensions as described in Fig. 3.

C1 = b+ q1 sin(α1)− a1 cos(α1)− a3 cos(α3) + q3 sin(α3),

C2 = q1 cos(α1) + a1 sin(α1)− a3 sin(α3)− q3 cos(α3),

β = arcsin

(
l21 − l23 + C2

1 + C2
2

2l1
√

C2
1 + C2

2

)
− arctan

(
C2

C1

)
,

x = − b

2
− q1 sin(α1) + a1 cos(α1) + l1 sin(β + α1),

y = q1 cos(α1) + a1 sin(α1)− l1 cos(β + α1),

z = q5.

3.2. Indirect transformation

An indirect transformation is used to calculate the positional set-points of
the real axes Q1–Q5 based on the X-, Y -, and Z-positions. The indirect trans-
formation is very important to realize a closed loop position control in the NC-
controller. The following equations describe the determination for each axis.
Axis Q1:

x = − b

2
− q1 sin(α1) + a1 cos(α1) + l1 sin(γ1),

y = q1 cos(α1) + a1 sin(α1)− l1 cos(γ1),

with

R = x+
b

2
− a1 cos(α1),

S = y − a1 sin(α1),

q1 = S cos(α1)−R sin(α1) +

√
(S cos(α1)−R sin(α1))

2 + (l21 −R2 − S2).

Axis Q2:

x = − b

2
+ q2 sin(α2) + a2 cos(α2) + l2 sin(γ2),

y = −q2 cos(α2) + a2 sin(α2) + l2 cos(γ2),
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with

R = x+
b

2
− a2 cos(α2),

S = y − a2 sin(α2),

q2 = −S cos(α2) +R sin(α2) +

√
(S cos(α2)−R sin(α2))

2 + (l22 −R2 − S2).

Axis Q3:

x =
b

2
+ q3 sin(α3)− a3 cos(α3)− l3 sin(γ3),

y = q3 cos(α3) + a3 sin(α3)− l3 cos(γ3),

with

R = −x+
b

2
− a3 cos(α3),

S = y − a3 sin(α3),

q3 = S cos(α3)−R sin(α3) +

√
(S cos(α3)−R sin(α3))

2 + (l23 −R2 − S2).

Axis Q4:

x =
b

2
− q4 sin(α4)− a4 cos(α4)− l4 sin(γ4),

y = −q4 cos(α4) + a4 sin(α4) + l4 cos(γ4),

with

R = −x+
b

2
− a4 cos(α4),

S = y − a4 sin(α4),

q1 = −S cos(α4) +R sin(α4) +

√
(S cos(α4)−R sin(α4))

2 + (l24 −R2 − S2).

The indirect transformation of the Z-axis is realized in a serial arrangement
concerning the design of mechanical structure. Hence, the transformation can
be calculated easily, and is equal to the position measure on the physical axis.
Axis Q5:

q5 = z.
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3.3. Parameter identification

To enhance the accuracy of the transformation, the real geometrical dimen-
sions of the machine tool structure where determined by comparison of theoret-
ically calculated and actually given position of the TCP by the use of redundant
measurement devices. To minimize complexity, the carriage height is set to the
theoretical value of the construction. Thereby the parameters: link length, guide
distance and movement angle were determined, as well as the deviation in the
X-axis of the not parameterised system.

4. Controller strategies

Regarding the concepts of position controller, two types of controller strate-
gies can be distinguished.

4.1. Control system with four position controlled axes

In this arrangement four axes of the parallel kinematics structure are in a
positioning control loop, called 4P-controller, as illustrated in Fig. 4. This type
of strategy imposes a higher demand on the machine calibration because even a
small position inaccuracy leads to high forces in the structure and in the drives.
Due to an inaccuracy in the determination of real geometry, deviations between
the real and the ideal kinematics arise. Thus, no power reserve exists for move-

Fig. 4. Control strategy using four position controlling loops in the kinematics structure.
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ment in the case of imprecise compensation. By high speed movements especially,
even minor inaccuracies in the mechanical system generate huge torques in the
drives and lead to overcharge of the drives.
An advantage is that all drives indicate the positioning movement and there-

fore the maximum torque of all drives can be used for the acceleration. Addi-
tionally the indicated forces of the cutting process are carried by all axes which
enhance the machine stiffness behaviour.

4.2. Control system with two position and two force controlled axes

A second type of control strategy is based on the use of two axes, which are
in position control loops, and two other axes, which are driven by a force control
loop (see Fig. 5). Thus, the positioning of the TCP is done by two of the four
axes and the other two axes tense the kinematic with a predefined force. The
advantage of this system is focussing on the effect that geometrical inaccuracies
are widely eliminated in the influence on the closed loop motion control.

Fig. 5. Control strategy using two position controlling and two force controlling loops.

On the other hand, the force driven struts are not able to carry unknown
external process forces, which lead to higher positioning inaccuracies as shown
by the 4P controller strategy. Furthermore, the preloading forces had to be
adjusted with respect to the movement, which generates higher demands on the
control unit.
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5. Compensation

To fulfil today’s machining demands on positioning accuracies different com-
pensation algorithms are implemented in the machine control.

5.1. Axis inaccuracies

In order to implement compensation functionality in the NC-controller the
deviations of the real positioning motions to the reference values has been mea-
sured. Every 50 mm in square of the XY -working plane the deviations of the
axes position in comparison to the calculated positions were measured by a me-
chanical 3D-measuring device. Based on these correction values a linear planar
interpolation depending on the X- and Y -position is calculated for each axis
and charged to the calculated position values (see Fig. 6).

Fig. 6. Compensation of position inaccuracies.

The planar linear interpolation can be calculated in two steps.

f(xi, yj) with discrete x0 − xn, y0 − yn.

Linear interpolation:

f(x, yj) = fi,j +
fi+1,j − fi,j
xi+1 − xi

(x− xi),

f(x, yj+1) = fi,j+1 +
fi+1,j+1 − fi,j+1

xi+1 − xi
(x− xi).
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Linear interpolation in the X- and Y -axes:

f(x, y) = f(x, yj) +
f(x, yj+1 − f(x, yj)

yj+1 − yj
(y − yj).

5.2. Static and dynamic compensation

The compensation is based on Newton’s axioms. To minimize the computing
time the masses of each slide and the rods are modelled as rigid bodies with the
masses represented by the centre of gravity and mass of inertia. Furthermore,
the axis deviation angle of geometric specification is set to zero.
To solve over-determination, the rod system is divided into two substruc-

tures. One system is built up of links Q1 and Q2, and the other of links Q3 and
Q4. The systems are connected by a definable horizontal force. Thus, the forces
in the carriages are set to values that the system on the right side presses with
a defined horizontal force against the system on the left side. In a second step,
gravity, acceleration, and friction forces are added. Based on these results the
spindle torque of the NC-drives is calculated. The following figure illustrates the
force system.

Fig. 7. Parameters for calculation of static and dynamic compensation.
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Calculation of the sum of torques in TCP concerning rod Q1:

J1ϕ̈1 −m1ẍS1(l1 − lS1) cos(ϕ1)−m1(ÿS1 − g)(l1 − lS1) sin(ϕ1)

+ FT1l1 sin(ϕ1) + FN1l1 cos(ϕ1) = 0,

C1 = J1ϕ̈1 −m1ẍS1(l1 − lS1) cos(ϕ1)−m1(ÿS1 − g)(l1 − lS1) sin(ϕ1),

FN1 = −C1
1

l1 cos(ϕ1)
− FT1

sin(ϕ1)

cos(ϕ1)
.

Calculation of the sum of torques in TCP concerning rod Q2:

J2ϕ̈2 −m2ẍS2(l2 − lS2) cos(ϕ2) +m2(ÿS2 − g)(l2 − lS2) sin(ϕ2)

− FT2l2 sin(ϕ2) + FN2l2 cos(ϕ2) = 0,

C2 = J2ϕ̈2 −m2ẍS2(l2 − lS2) cos(ϕ2) +m2(ÿS2 − g)(l2 − lS2) sin(ϕ2),

FN2 = −C2
1

l2 cos(ϕ2)
+ FT2

sin(ϕ2)

cos(ϕ2)
.

Force addition of rod Q1 and Q2:

FPL +m1ẍS1 +m2ẍS2 − FN1 − FN2 = 0,

FT2 =

(
FPL +m1ẍS1 +m2ẍS2 + C1

1

l1 cos(ϕ1)
+ FT1

sin(ϕ1)

cos(ϕ1)

)
cos(ϕ2)

sin(ϕ2)

+ C2
1

l2 sin(ϕ2)
.

Force addition in the Y -direction of rods Q1 and Q2:

m1(ÿS − g) +m2(ÿS2 − g)− FT1 − FT2 = 0,

FT1

(
1 +

tan(ϕ1)

tan(ϕ2)

)
= m1(ÿS1 − g) +m2(ÿS2 − g)

−
(
FPL +m1ẍS1 +m2ẍS2 + C1

1

l1 cos(ϕ1)

)
cos(ϕ2)

sin(ϕ2)
+ C2

1

l2 sin(ϕ2)
= 0.

Resulting force in the slide system of rod Q3:

J3ϕ̈3 −m3ẍS3(l3 − lS3) cos(ϕ3)−m3(ÿS3 − g)(l3 − lS3) sin(ϕ3)

+ FT3l3 sin(ϕ3) + FN3l3 cos(ϕ3) = 0,
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C3 = J3ϕ̈3 +m3ẍS3(l3 − lS3) cos(ϕ3)−m3(ÿS3 − g)(l3 − lS3) sin(ϕ3),

FN3 = −C3
1

l3 cos(ϕ3)
− FT3

sin(ϕ3)

cos(ϕ3)
.

Resulting force in the slide system of rod Q4

J4ϕ̈4 +m4ẍS4(l4 − lS4) cos(ϕ4) +m3(ÿS4 − g)(l4 − lS4) sin(ϕ4)

− FT4l4 sin(ϕ4) + FN4l4 cos(ϕ4) = 0,

C4 = J4ϕ̈4 +m4ẍS4(l4 − lS4) cos(ϕ4) +m3(ÿS4 − g)(l4 − lS4) sin(ϕ4),

FN4 = −C4
1

l4 cos(ϕ4)
+ FT4

sin(ϕ4)

cos(ϕ4)
.

Force addition in the X-direction of rods Q3 and Q4:

FV −m3ẍS3 −m4ẍS4 − FN3 − FN4 = 0,

FT4 =

(
FV −m3ẍS3 −m4ẍS4 + C3

1

l3 cos(ϕ3)
+ FT3

sin(ϕ3)

cos(ϕ3)

)
cos(ϕ4)

sin(ϕ4)

+ C4
1

l4 sin(ϕ4)
.

Force addition in the Y -direction of rods Q3 and Q4:

m3(ÿS3 − g) +m4(ÿS4 − g)− FT3 − FT4 = 0,

FT3

(
1 +

tan(ϕ3)

tan(ϕ4)

)
= m3

(
ÿS3 − g +

ẍS3
tan(ϕ4)

)
+m4

(
ÿS4 − g +

ẍS4
tan(ϕ4)

)
− FV

tan(ϕ4)
− C3

l3 cos(ϕ3) tan(ϕ4)
− C4

l4 sin(ϕ4)
.

Consideration of the friction in the carriage:

Fri = FNiµr · sign(q̇i).

Consideration of the inertial force of the carriage:

Fai = mCiq̈i.

Calculation of the torque at the drives:

Ti = (FTi + Fri + Fai)
hi

2πηGηS
.
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5.3. Lag error transfer

To indicate at the force controlled axis a position control, the lag error of
the position controlled axis is transferred to the force controlled axis; thus in-
accuracies in the geometry are eliminated. As shown in the following figure
the transferred lag error can be considered as an input of a P-controller for an
additional torque to the axis.

Fig. 8. Lag error transfer.

As a main disadvantage of this method can be observed that the calculation
task act as a dead time element with the cyclic time between the input and the
calculated output.

6. Results of experiments

The tests on the real machine were performed by realizing a circular path
around the X- and Y -origin with a diameter of 300 mm. The focus of the
investigation was to enhance the dynamics of the machine tool (see Fig. 9).

Fig. 9. Test program on the prototype machine.
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6.1. Test of control strategy with lag error transfer

In performing tests, in order to investigate the lag error transfer, the axes Q1
and Q2 were position controlled and the axes Q3 and Q4 force controlled. The
preloading torque was calculated by static compensation as well as the lag error
transfer. The constant Kv is the proportional gain with a dimension of Nm/µm.
As presented in Fig. 10 the axis Q1 oscillates at the extended position of axes

Q1 and Q2. The lag error transfer prevents this oscillation but causes higher
torques on the other drives. Therefore this kind of additional torque eliminates
the drive reserves for higher acceleration and movement speed. It is not possible
to realize a feed rate of 60 m/min.

Fig. 10. Torque of the drives with lag error transfer.

6.2. Control Strategy with static and dynamic compensation

To minimize the extended position of the position controlled axis, the axis
Q2 was replaced by axis Q3. Hence it was possible to increase the speed up
to 45 m/min.
Figures 11 and 12 show the results of torque measurement of drive Q1 and

the measured lag error in the XY -plane. At higher path speed the torques and
the lag error increase, whereas the oscillation of the values decreases.
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Fig. 11. Torque values measured on axis Q1 with different feeding rate.

Fig. 12. Measurement results of lag error in the XY -plane with different feeding rate.
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6.3. Control strategy comparison

In these tests different strategies focussed on the control implementation
of a single axis have been investigated; though as a first step, the 4P-control
concept was changed to a 3P1F-control concept. It can be demonstrated that
this change in control strategy provides a reduction of the overcharge in the
drives due to inaccuracies of the structure.
In Fig. 13 and Fig. 14 it is illustrated that the control concept using three

position controlled axes cause at the feed rate of 20 m/min the highest values
of measured torques and lag errors.

Fig. 13. Measured torque of axis Q1 with different strategies.

Fig. 14. Measured lag error in the XY -plane with different strategies.
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7. Conclusions

The development of a machine tool with a highly parallel kinematics struc-
ture comes along with the need of new concepts for compensation of geometrical
as well as static and dynamic deviations. Different strategies for compensation
and their influence on the position control behavior were investigated. In general
the charge of each drive can be reduced by the predefined torques, and thereby
higher feed rates and acceleration are possible. Applying a controller strategy
using two drives with position control and two drives with force control, oscil-
lations are generated around the extended positions of the driven axes. This
effect could be eliminated by a switch of the position dependent axes from one
side-pair of struts to the other. The requirement of this change is dependent
on the X- and Y -position of the TCP and on which pair of axes is closer to
the point of singularity. Using a control strategy with four position controlled
axes, nearly oscillation-free motion is possible. The generated drive torques come
along with higher values to compensate the restraining forces in the structure.
With enhanced predefined torque algorithms it will be possible to distribute the
charge uniformly to all axes and increase the maximum feed rate, acceleration,
and accuracy.
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The present work deals with an experimental study on various sorts of copper was carried
out with the use of an electromagnetic launching ring technique in order to select the material
with a desirable property for performance of a shaped charged jet. The obtained results proved
that the copper with the smallest grain size revealed the highest ductility under electromagnetic
expanding ring loading conditions. The performed observations seem also to suggest that the
electromagnetic expanding ring test may be applied as a tool for a choice of liner materials.

Key words: electromagnetic ring test, metals ductility, high strain rate deformation, shaped
charge liner materials.

1. Introduction

The knowledge of correlation between a mechanical liner material property
and behaviour of a shaped charged jet is remarkably important for designing
high-performance HEAT projectiles. The penetration capability of these projec-
tiles depends mainly on density of a liner material ρj and the maximum length
of the jet L. The value of the theoretical possible penetration depth P can be
determined applying the following simple equation:

(1.1) P = L

√
ρj
ρt

,

where by ρt denotes the target material density [1].
The maximum length of the jet is theoretically determined by the velocity

difference of jet tip vjmax and cut-off velocity vjmin, and jet fragmentation time
tf (Fig. 1), however, both vjmax and tf are limited by other parameters. The
maximum jet tip velocity vjmax is limited by a factor of the bulk-sound velocity
of the liner material, whereas jet fragmentation time tf is restricted by ductility
of the liner material.
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Fig. 1. Typical shaped charge configuration and rentgenogramof shaped charge jet.

The liner material ductility is critical owing to the penetration potential of
shaped charges [2]. Therefore, the main purpose of the liner fabrication technol-
ogy (besides achievement of required liner geometry) is the transformation of a
metallurgical state of the starting liner material into the correct metallurgical
characteristics of the final liner material, which is characterized by the high duc-
tility properties under high-strain-rate loading conditions. The above-mentioned
transformation of metallurgical properties of liner material is, however, not a
straightforward procedure, since a lot of various requirements have to be met in
order to guarantee the high ductility behaviour of the shaped charge jets.
The problem of assessment of the manufactured liner materials with re-

spect to penetration property of shaped charges is also complex due to the fact
that many different factors are possible to significantly affect the ductility and
fragmentation of jets [1]. Nevertheless, many investigators attempt to formu-
late a simple method of assessment of some liner materials on the basis of the
results obtained with the use of standard material tests. For example, Licht-
enberger [3] found that, in the case of copper and nickel, the choice of liner
material with a low temperature of recrystallization determined using standard
hardness measuring guarantees high ductility of a jet. It is a very useful method
constituting also a criterion of liner material selection for these types of metals.
Unfortunately, for a number of other liner materials, such as, e.g. molybde-
num, tantalum or tungsten, Lichtenberger’s criterion is not valid. Therefore,
various other experimental techniques for materials testing, especially the ones
performed at high rates of strain, are commonly used. The split Hopkinson
pressure bar is most frequently applied in this type of research [4, 5], however,
an expanding ring test is particularly appropriate for the studies of materials
ductility [6, 7].
The expanding ring test involves sudden radial acceleration of a ring due to

detonation of an explosive charge or electromagnetic loading. The ring rapidly
becomes a free-flying body expanding radially and decelerating owing to its
own internal circumferential stresses. Measuring the radial displacement r(t) or
velocity history v(t) of the ring specimen for the inertial stage of expansion
results in the fact that circumferential stress σθ and true strain εθ for the ring
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material are possible to be determined at the imposed strain rate using the
following relationships:

σθ = −ρr
∂2r

∂t2
,(1.2)

εθ =

r∫
r0

dr

r
= ln

r

r0
,(1.3)

ε̇θ =
vr
r
,(1.4)

where ρ – density of ring sample material, r0 and r – initial and current radius
of ring specimen, respectively, vr – current expansion velocity.
During conducting the research on liners materials, the electromagnetic ring

test was originally applied by Gourdin [8] who suggested that the strain at
fracture of specimen rings could be another liner material characteristic, which
describes the breakup behaviour of a shaped charge jet. In accordance with the
above suggestion, Janiszewski and Włodarczyk [9] made also a successful
attempt to select liner material built of a copper and its sinters. In this case,
however, the dynamic loading of a ring sample resulted from the explosion of a
cylindrical explosive charge, on which a ring was directly placed (Fig. 2a). Iden-
tification of dynamic properties of tested materials (ductility and fragmentation)
desired with regard to the high penetration of shaped charges was performed on
the basis of the radiographs taken using the X-ray impulse technique (Fig. 2b).
a) b)

Fig. 2. Scheme of the experimental set-up driving explosively the ring sample (a) and radio-
graphs of explosively expanding rings made of copper sinter (b) [9].
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Application of a ring experiment in the liner materials studies results from
the fact that the elementary advantage of the ring experiment is that a ring spec-
imen has no boundaries in the primary stress direction and can be stretched
uniformly without stress wave effects. Thus, the expanding ring test guaran-
tees model conditions of dynamic experiments. Moreover, with the use of this
technique, it is possible not only to achieve strain rates comparable to those
occurring in stretching shaped charge jet but also ring specimens can be easily
manufactured directly from as-formed liners.
Therefore, it was decided to use the electromagnetic launch ring technique

in performing experimental studies for three various sorts of copper in order to
identify their ductility properties desired with regard to the high penetration of
shaped charges.
The paper is organized as follows: Section 2 is devoted to characterization of

material properties of three different sorts of copper specimens and the descrip-
tion of the experimental techniques applied to determine ductility parameters for
the tested coppers. The results of the performed experimental tests on ductility
of the coppers tested under electromagnetic expansion conditions is described
in Sec. 3, whereas the major conclusions of the present work are summarized in
Sec. 4.

2. Experimental procedure

The experimental investigations were carried out on three sorts of copper, i.e.
cold-rolled copper Cu-ETP, the annealed at 500◦C for 1 hour Cu-ETP copper
and the high-purity OFHC copper. In order to provide base-line material prop-
erties, the quasi-static material response of selected coppers was characterized
in a standard tensile test, hardness measurement and a metallographic study.
Material samples for the tensile strength test and electromagnetic ring experi-
ments were machined from the same bar of a 40 mm diameter. The exception
is OFHC copper which was prepared from the bar of a 60 mm diameter. The
ring samples for electromagnetic expansion were machined to be close to the
dimensions used by other investigators [6, 13]. The internal diameter of rings
was 31.2 mm, while the cross-sectional area of the rings was 1 mm × 1 mm. In
the present investigation, five ring experiments for each sort of a copper speci-
men were carried out under the given loading conditions. The results presented
below are, therefore, the average values from the performed tests. The engineer
properties of the studied coppers are collected in Table 1.
In turn, high-strain-rate experiments for the tested coppers were carried out

with the use of an electromagnetic ring expansion technique originally proposed
by Niordson [10]. In accordance with it, a ring specimen made of the tested
material is placed concentrically over a mandrel containing a wire coil (Fig. 3).
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Table 1. Quasi-static mechanical properties of tested coppers.

Metals

Ultimate
tensile
strength
[MPa]

Yield
strength
[MPa]

True
strain ef
[–]

Uniform
strain
eu
[–]

Hardness
HV1

Grain
size
[µm]

Cold-rolledCu-ETP 263 239 0.27 0.15 90 25–120

Annealed Cu-ETP 221 77 0.49 0.36 65 20–80

OFHC copper 223 67 0.50 0.33 56 60–180

At the beginning of the experiment, a capacitor bank is charged to high voltage
and next rapidly discharged through the wire solenoid and, as a result, the
magnetic field is produced around the coil. Simultaneously, this magnetic field
induces oppositely directed current in the metal ring specimen which generates
the magnetic field as well. As a result of interaction between the magnetic fields
originated from the coil and the ring currents, a uniform radial body forces are
created. These applied for a very short time forces accelerate the ring specimen
to high velocity and next they vanish when the solenoid current drops to a low
value. Since that time the ring continues the expansion only by its inertia. If
the inertia forces are large enough, the ring is possible to fracture into several
small fragments.

Fig. 3. Schematic diagram of the arrangement for electromagnetic ring expansion.

The above presented idea of radial ring expansion was exploited in the lab-
oratory apparatus developed at Military University of Technology (Fig. 4) [11].
The apparatus consists of three main components: a pulse power system, a
loading assembly, and a charging system. Previous experimental studies on cop-
per rings indicate that launching properties of the developed apparatus allowed
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rapid acceleration of rings in 35 µs to maximum velocity equal to approximately
300 m/s for 0.91 kJ discharge energy.

Fig. 4. View of the arrangement for electromagnetic ring experiment.

The displacement of the ring during the expansion process was recorded with
a high-speed camera, whereas the ring velocity history was calculated from the
high-speed images using the TEMA Automotive software (Fig. 5) [12].
In order to obtain good quality images and to ensure satisfactory measuring

accuracy of the ring displacement with the use of an available equipment, first of
all, a shadow method of optical observation was applied. This method consists
in recording a ring shadow on a highlighted background which is illuminated
by Dedocool lighting system (a left side of Fig. 4) allowing concentration of an
intense amount of light over a small area. Moreover, the observation field of a
high-speed camera was limited to a small area in which there was visible only a
moving ring segment and two scaled points (Fig. 5b). Owing to these endeavors
and application of the Tema Automotive software, the high measuring accuracy
(uncertainty of ±0.01 mm for the results presented here) and the reliable data
concerning the ring expansion history could be obtained.
The expanding ring experiments were performed at similar loading condi-

tions, i.e. maximum expansion velocities involved a range from 171 m/s to
195 m/s, what corresponds to an average strain rate of the order of 8× 103 s−1.
Experiments were carried out under room temperature conditions, i.e. 21◦C,
however, ring temperature during electromagnetic expansion was increasing in
a range from approximately 21◦C to 150◦C [14].
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a)

b)

Fig. 5. The example of screen shot of graphical user interface presented video window with
the moving ring segment and expansion velocity curve calculated with the use of TEMA
Automotive software (a), and the sequence of images showing the observation area with the

moving ring segment (b).

Ductility of the studied materials was expressed by uniform strain εu and
strain at fracture εf . The final logarithmic ring strain at failure εf was deter-
mined on the basis of the data obtained from an optical measuring comparator
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by direct measurement of lengths of the recovered fragments captured into the
wax ring. On the other hand, uniformed strain εu was calculated on the basis
of the measurements of cross-sectional dimensions of recovered ring fragments
using the following formula:

(2.1) εu =
(A0 −A)

A
,

where A0 and A are the initial and deformed cross-sectional areas, respectively. It
should be noted here that a cross-sectional area was determined in the uniform
portion of fragments, that is, in the middle of the ring fragment or between
neighbouring arrested necks.

3. Results and discussion

As it was mentioned earlier, dynamic experiments for all tested copper spec-
imens were carried out for the same discharge energy equal to 0.48 kJ. Never-
theless, the achieved launching velocities were slightly different for each tested
sorts of copper rings (Table 2). The highest maximum expansion velocities were
reached for the rings made of high-purity OHHC copper, on the other hand,
the rings manufactured from cold-rolled Cu-ETP copper were expanded at the
lowest velocities. As a consequence, a strain rate also varied in the range from
7.6×103 to 9.0×103, which was calculated for strain equal to 0.25 (it is a strain
value which corresponds to ring deformation during the inertial stage of ring
expansion).

Table 2. Average maximum velocities of expansion of rings made of different sorts of copper.

Ring material
Max. expansion
velocity
[m/s]

Standard
deviation
[m/s]

Strain rate
for εθ = 025
[s−1]

Cold-rolled Cu-ETP 171 1.9 7.6× 103

Annealed Cu-ETP 180 2.2 8.2× 103

High-purity OFHC copper 195 4.6 9.0× 103

The above-mentioned differences in ring expansion velocities originate from
various mechanical responses of the studied copper sorts, what is confirmed by
the data presented in Table 3 (the second column from the left). The lowest
expansion velocity was achieved for the copper which revealed the highest flow
stress (cold-rolled Cu-ETP copper), whereas the highest ring expansion velocity
was found for copper with the lowest flow stress value (OFHC copper).
Parameters characterizing ductility and fragmentation properties of the tested

materials are collected in Table 3. These parameters allow for concluding gen-
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Table 3. Dynamic properties parameters for different sorts of copper.

Ring material
Flow stress σθ

for εθ = 025
[MPa]

Strain at
fracture εf
[–]

Uniform
strain εu
[–]

Average ring
fragments length
(number)
[mm] ([–])

Cold-rolled Cu-ETP 402 0.40 0.31 13.7 (11)

Annealed Cu-ETP 345 0.47 0.49 13.9 (11.5)

High-purity OFHC copper 335 0.43 0.32 14.8 (10.5)

erally that ductility of all copper specimens increases under an electromagnetic
ring expansion condition in relation to the static one. Surprisingly, however,
the dynamic ductility of OFHC copper is almost at the same level of ductility
determined under quasi-static tensile conditions (compare values eu and εu in
Table 1 and Table 3). In turn, the highest increase in ductility was found for
the cold-rolled ETP copper (increase of 106%), whereas the annealed ETP cop-
per revealed the highest dynamic ductility (the highest values of εf and εu) in
comparison to other sorts of copper.
The high ductility of the annealed ETP copper under ring test conditions is

also confirmed by a shape of the recovered ring fragments (Fig. 6). The fragments
from the annealed ETP copper rings were the most stretched and they included
many small necks so-called arrested necks (Fig. 7). In the case of other copper
samples, less number of the arrested necks was observed, especially for OFHC
copper. For this type of copper, there was also found the lowest average number
of fragments on one ring (10.5) despite of the highest expansion velocity, while
an average ring fragments length was the longest and equal to 14.8 mm.

Fig. 6. View of recovered fragments generated from different sorts of copper rings.

The above-presented ductility behaviour of copper rings has been already
reported in the literature [6, 15, 16]. Generally, it has been reported on the in-
crease of ductility property of copper under high strain rate tensile conditions
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Fig. 7. View of the annealed copper ring fragment and the structures of the arrested necks
arisen into ring fragment.

[15, 16] in comparison to the static testing test. There are also scientific re-
ports [6] which present the experimental results demonstrating that the strain
at the necking onset of copper rings was nearly equal to the quasi-static necking
strain, that is, dynamic copper ductility was at the same level as the ductility
determined under a quasi-static tensile test.
The various ductility behaviour of copper may arise from differences in the

metallurgical state of the studied copper samples which could have, for example,
different grains morphology or a different impurities level. The studied sorts of
copper differ from each other in respect to both impurities contents (purity of
Cu-ETP – 99.95%; OFHC – 99.99%) and a grains size (see Table 1). In the
subject literature, the role of a grain size in ductility behaviour of metals has
been especially emphasised [17, 18]. Similarly, the significant influence of a grain
size of liner material on ductility of a shaped charge jet has been reported [1–3].
Generally, it was stated that with decreasing of a grain size of a copper liner, jet
ductility was increased, and thus penetration of a jet was also improved. The
results of the experiments performed with the use of an expanding ring technique
confirmed the above-mentioned relation between a grain size of copper samples
and their ductility under a high rate of strain since the highest ductility revealed
the annealed copper Cu-ETP, which had got the smallest grain size (20–80 µm).
Thus, it can be believed that the application of this sort of copper as the liner
material ensures the high penetration capability of a shaped charge jet.

4. Conclusions

In the present work, the electromagnetic ring test was applied in order to
select shaped charge liner material from among three sorts of copper. In ac-
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cordance with the data presented in the literature [1–3, 8, 17, 18], the obtained
results show that the copper with the smallest grain size (the annealed Cu-ETP)
reveals the highest ductility under electromagnetic expanding ring loading con-
ditions. Taking the above mentioned problems into consideration, it may be
concluded that the observations carried out in the present work constitute an-
other proof that the electromagnetic ring test is a good tool for the choice of
liner materials.
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In this work an experimental-numerical methodology is devised for analyzing ductile frac-
ture of two aluminum alloys under different values of stress triaxiality (0.2 ≤ η ≤ 1.2) and
Lode parameter (−1 ≤ µ ≤ 0). The experiments developed include combined loading (tension-
torsion) tests on same NT specimen geometry for A 5754-H111 and AA 6082-T6. Numerical
analysis shows that this type of specimen exhibits uniformity stable values of stress triaxiality
and Lode parameter as plastic strain develops. Experimental results can be used to compare
failure strain corresponding to different stress states. Moreover, to consider the influence of
stress state in failure mechanics under impact loads, perforation tests of aluminum alloys have
been developed in a range of impact velocity between 120 ≤ v ≤ 500 m/s. The tests were
carried out with three different shape projectiles: conical (m = 29.4 g) and two blunt ones
(m = 29.4 g and m = 1.1 g). Results show the dependence on energy absorption with stress
state and failure strain.
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1. Introduction

Aluminium alloys are used in numerous engineering fields like aeronautical,
naval of automotive industry. A desirable requirement for an optimal design is
mainly a high capacity for energy absorption in high loading rate events and a
reducing of weight.
For a reliable prediction of the structural element behaviour and its energy

absorption capacity until breakage, the numerical tools have to consider failure
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criteria for the material. The simulation of such structures subjected to impact
loads requires suitable constitutive laws capable of reproducing the material
behaviour and representative failure models in the extreme conditions to which
the component is subjected.
Pioneer works of McClintock [1] and subsequently Rice and Tracey [2]

firstly introduced an important parameter, stress triaxiality η, which is defined
as the ratio of hydrostatic pressure to Von Misses equivalent stress σe, Eq. (1.1).

(1.1) η =

1

3
(σ1 + σ2 + σ3)

σe
.

A few years ago, several researchers [3, 4] have shown that the stress triaxi-
ality alone is not sufficient to describe properly the behavior of the material at
failure. Hence, the model developed by Xue and Wierzbicki [5] considers the
effect of the third stress invariant. The Lode parameter plays the role of third
stress invariant, Eq. (1.2).

(1.2) µ =
2σ2 − σ1 − σ3

σ1 − σ3
.

Recently, other fracture criterion has been proposed by Stoughton and
Yoon [6]. This criterion considerers that fracture occurrence is predicted by the
magnitude of maximum shear stress, although the influence of hydrostatic pres-
sure is not considered in this one. In this regard, adequate damage models relate
failure strain to stress triaxiality and Lode parameter. In general, calibration of
these models has traditionally relied on specimens that exhibit high triaxiality
and limited Lode parameter. This work presents a procedure that combines ten-
sion and torsion to achieve values of stress triaxiality (0.2 ≤ η ≤ 1.2) and Lode
parameter in the following range: −1 ≤ µ ≤ 0. The existence of different stress
states and failure modes is characteristic of dynamic process like collision events
or perforation processes. In order to consider the influence of triaxiality and
Lode parameter in those processes, perforation tests have been carried out in this
work. Different shapes of projectile that modify the failure mode have been used.

2. Combined tension (compression)-torsion test

2.1. Procedure

Experimental tests were performed on circumferentially double notched tube
specimen [4], Fig. 1. Tests were carried out in an universal servo-hydraulic ma-
chine which was adapted for this investigation, Fig. 2. This machine allows
getting axial and torsional maximum values of 25 kN and 900 Nm, respectively.
Tests were registered by Axial/Torsional Extensometer and optical camera.
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a) b) c)

Fig. 1. a) Configuration of double notched tube specimen and b) zoom of the notch,
c) Axial/Torsional Extensometer.

a)

b)

Fig. 2. a) Illustration of experimental machine, b) experimental universal servo-hydraulic
machine.
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The specimen is subjected to a combination of tensile and torsional loading
using a load ratio parameter, κ, which is constant during the test, Eq. (2.1).

(2.1) κ =
σn
τn

=
N · rm
M

,

where N is the axial force, M is the torsional moment and rm is the value of
radius to the centre of the notch.
A combined experimental-numerical methodology for analysing the influence

of stress state in strain failure in the low to intermediate stress triaxiality regime
has been implemented (Fig. 3). Main steps are:

• Procurement of load-displacement curves outside the notched zone by sev-
eral experimental tests.

• Processing all tests using a two-dimensional (2D) model in finite element
program ABAQUS, Figs. 4, 5.

• Determination and comparison the average effective strain. Experimental
data results validate numerical simulations, Fig. 6.
Thus, stress and strain values calculated from simulations can be used to

obtain the equivalent plastic failure strain and the stress triaxiality and Lode
parameter.

Fig. 3. Schematic methodology in order to perform combined tension-torsion tests.
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a) b)

Fig. 4. Comparison between finite element simulations and experimental results for the alu-
minium 5754-H111 and κ = 2.4: a) axial force versus axial displacement, b) torsional moment

versus angle rotation.

a) b)

Fig. 5. Comparison between finite element simulations and experimental results for the alu-
minium 6082-T6 and κ = 0.5: a) axial force versus axial displacement, b) torsional moment

versus angle rotation.

a) b)

Fig. 6. Comparison between finite element simulations and experimental results. Effective
plastic strain versus rotation for: a) the aluminium 5754-H111 and b) the aluminium 6082-T6.
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3. Result analysis

From finite element simulations, the range in stress triaxiality is examined
using the load ratio which varied from pure shear (κ = 0) to pure tension
(κ = ∞). The maximum stress triaxiality value achievable is within the range
0.9 ≤ η ≤ 1.22, Fig. 7a. The dependence of Lode parameter with respect to the
stress triaxiality is illustrated in Fig. 7b. Data shows three distinct regions cor-
responding to different stress states: at low and high stress triaxiality, the stress
state is approached to generalized shear (µ → 0) and between them the stress
state is approached to generalized tension (µ → −1). The numerical analyses of
the specimen show stable values of triaxiality and Lode parameter during the
load history which is a desirable characteristic before failure, Fig. 7c.

a) b)

c)

Fig. 7. a) Curve of Load parameter with stress triaxiality, b) comparison of Lode parameter and
stress triaxiality over the range of applied loading conditions, c) evolution of stress triaxiality

and Lode parameter in the centre of the notch.

The spatial variation of stress triaxiality, Lode parameter and the effective
plastic strain is examined in Fig. 8b. The failure is marked by a sudden load
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a) b)

Fig. 8. Axisymmetric cut of notch (a) and b) through-thickness distribution of stress triaxiality,
Lode parameter and effective plastic strain at the mid-section of the specimen.

drop which it is assumed in the centre portion of notch. In this regard, theses
parameters are explored in the symmetry plane (z = 0) according to Fig. 8a.
A comparison of effective plastic strain at failure versus stress triaxiality and

Lode parameter between aluminium alloys AA 5754-H111 and AA 6082-T6 is
shown in Table 1. Data show a dependence on failure strain and stress triaxiality,
η, and Lode parameter, µ.

Table 1. Value of effective plastic strain at failure, stress triaxiality η, and Lode parameter,
µ, for AA 5754-H111 and AA 6082-T6.

AA 5754-H111 AA 6082-T6

κ = 0.5 κ = 5 κ = 0.5 κ = 5

εfp 0.361 0.452 0.166 0.092

η 0.206 0.916 0.246 1.187

µ −0.222 −0.405 −0.193 −0.377

To consider the influence of stress state in failure modes of dynamic processes,
perforation tests have been performed.

4. Perforation process of aluminium plates

An analysis of ductile failure mechanics has been developed on AA 5754-
H111 and AA 6082-T6 plates using three different projectiles: one conical (mc =
29.4 g) and two blunt ones (mb1 = 29.4 g and mb2 = 1.1 g). In total, 20 tests
were performed.
Figure 9 shows energy absorbed by the plate as a function of the impact

velocity. As is generally known, the projectile shape is an important parame-
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a) b)

c)

Fig. 9. Energy absorbed vs. impact velocity with a) conical (m = 29.4 g), b) blunt (m = 29.4 g)
and c) blunt (m = 1.1 g) projectile

ter in the perforation behaviour of the plate. The experiments performed with
same conical projectile and mass (m = 29.4 g) revealed that energy absorption
is approximately constant, Fig. 9a. In this case, petalling failure mechanics is
produced by high radial and circumferential tensile stress. As a result, the tests
revealed that for both aluminium alloys the energy absorption capacity was sim-
ilar. This result is coherent with failure strain value obtained for these materials,
Table 2.

Table 2. Value of tensile and shear strain for AA 5754-H111 and AA 6082-T6.

AA 5754-H111 AA 6082-T6

εf 0.172 0.170

γf 0.379 0.32

However, it can be observed a significant decreasing in energy absorption
with the increase of impact velocity when a blunt projectile is used, Fig. 9b.
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Moreover, the perforation mechanics was markedly different. Plugging failure
is due to adiabatic shearing. AA 6082-T6 shows less energy absorption (Ea =
120 J) than AA 5754-H111 (Ea = 200 J), according to failure shear strain values
in Table 2. This behaviour can be explained by the more sensibility of AA 6082-
T6 to localize plastic deformation in conditions of low stress triaxiality and
consequently the minor plastic work developed for plate explain of decreased
absorption energy. Experimental data obtained (Table 1) show minor value of
failure strain of AA 6082-T6 at low values of κ (shear states). Moreover, the
impact experiments were carried out with another mass projectile and same
blunt shape, in order to compare the energy absorption, Fig. 9c.

5. Conclusions and remarks

In this work, a procedure for estimation of the effective plastic strain and
characterization of stress state at failure has been developed. The methodology
allows a control of stress triaxiality and Lode parameter by a fixed loading ratio.
In addition, for considered aluminum alloys, the effect of stress state on failure
strain and energy absorption has been evaluated on perforation tests.
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A layer of Rivlin-Ericksen viscoelastic fluid heated from below is considered in the presence
of an uniform vertical magnetic field and rotation. Following the linearized stability theory and
normal mode analysis, this paper mathematically establishes the condition for characterizing
oscillatory motion, which may be neutral or unstable, for rigid boundaries at the top and
bottom of the fluid. It is established that all non-decaying slow motions starting from rest, in
the configurations, are necessarily non-oscillatory in the regime

TAF

π2
+

TA

π4
+

Qp2
π2

≤ 1,

where TA is the Taylor number, Q is the Chandrasekhar number, p2 is the magnetic Prandtl
number, and F is the viscoelasticity parameter. This result is important, since it holds for all
wave numbers for rigid boundaries of infinite horizontal extension at the top and bottom of the
fluid, and the exact solutions of the problem investigated in closed form are not obtainable.
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Notations

a – dimensionless wave number,
F – viscoelasticity parameter,
g – acceleration due to gravity [m/s2],
k – wave number [1/m],

kx, ky – wave numbers in x- and y-directions [1/m],
n – growth rate [1/s],
Q – Chandrasekhar number,
TA – Taylor number,
R – Rayleigh number,

Ω(0, 0, Ω) – rotation vector having components (0, 0, Ω),
H(hx, hy, hz) – magnetic field having components (hx, hy, hz),
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T – temperature [K],
q(u, v, w) – components of velocity after perturbation,

p1 – thermal Prandtl number,
p2 – magnetic Prandtl number,
α – coefficient of thermal expansion [1/K],
β – uniform temperature gradient [K/m],
Θ – perturbation in temperature [K],
κ – thermal diffusivity [m2/s],
ν – kinematic viscosity [m2/s],
ν′ – kinematic viscoelasticity [m2/s],

∇, ∂, D – Del operator, Curly operator and Derivative with respect to z (= d/dz).

1. Introduction

The stability of a dynamical system is close to real life in the sense that the
realization of a dynamical system depends upon its stability. Right from the con-
ceptualization of turbulence, the instability of fluid flow is regarded as being at
its root. The thermal instability of a fluid layer with maintained adverse temper-
ature gradient by heating the underside, plays an important role in Geophysics,
interiors of the Earth, Oceanography, and Atmospheric Physics; and has been
investigated by several authors under different conditions (e.g., Bénard [1],
Rayleigh [2], and Jeffreys [3]). A detailed account of the theoretical and ex-
perimental study of the onset of Bénard Convection in Newtonian fluids, under
various assumptions of hydrodynamics and hydromagnetics, has been given by
Chandrasekhar [4]. The use of Boussinesq’s approximation has been made
throughout, which states that density changes are disregarded in all terms in
the equations of motion except the external force term. Bhatia and Steiner [5]
have considered the affect of uniform rotation on the thermal instability of a vis-
coelastic (Maxwell) fluid and found that rotation has a destabilizing influence in
contrast to the stabilizing affect on Newtonian fluids. The thermal instability of
a Maxwell fluid in hydromagnetics has been studied by Bhatia and Steiner [6].
They found that the magnetic field stabilizes a viscoelastic (Maxwell) fluid, just
as it stabilizes a Newtonian fluid. Sharma [7] studied the thermal instability
of a layer of viscoelastic (Oldroydian) fluid acted upon by a uniform rotation
and found that rotation has a destabilizing as well as a stabilizing effect under
certain conditions, in contrast to that of a Maxwell fluid where it has a destabi-
lizing effect. In another study, Sharma [8] has considered the stability of a layer
of an electrically conducting Oldroyd fluid [9] in the presence of magnetic field
and found that the magnetic field has a stabilizing influence.
There are many viscoelastic fluids that cannot be characterized by Maxwell’s

constitutive relations, nor by Oldroyd’s [9] constitutive relations. Two such
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classes of fluids are Rivlin-Ericksen’s and Walter’s (model B’) fluids. Rivlin-
Ericksen [10] has proposed a theoretical model for one such class of elastic-
viscous fluids. Sharma and Kumar [11] have studied the affect of rotation on
thermal instability in a Rivlin-Ericksen elastico-viscous fluid and found that
rotation has a stabilizing effect and introduces oscillatory modes in the sys-
tem. Kumar et al. [12] considered the affect of rotation and magnetic field on
a Rivlin-Ericksen viscoelastic fluid and found that rotation has a stabilizing ef-
fect, whereas the magnetic field has both stabilizing and destabilizing effects.
A layer of such fluid heated from below or under the action of either a magnetic
field or rotation, or both, may find applications in Geophysics, interior of the
Earth, Oceanography, and Atmospheric Physics.
Pellow and Southwell [13] proved the validity of the ‘Principle of Ex-

change of Stability’ (PES) for the classical Rayleigh-Bénard convection problem.
Banerjee et al. [14] gave a new scheme for combining the governing equations
of thermohaline convection, which was shown to lead to bounds for the complex
growth rate of arbitrary oscillatory perturbations, neutral or unstable, for all
combinations of dynamically rigid or free boundaries. Banerjee and Baner-
jee [15] established a criterion for the characterization of non-oscillatory motions
in hydrodynamics, which was further extended by Gupta et al. [16]. However,
no such result exists for non-Newtonian fluid configurations in general and for
Rivlin-Ericksen viscoelastic fluid configurations in particular. Banyal [17] have
characterized the non-oscillatory motions in coupled-stress fluids.
Keeping in mind the importance of Rivlin-Ericksen viscoelastic fluids, this

paper is an attempt to study a Rivlin-Ericksen viscoelastic fluid heated from
below in the presence of a uniform vertical magnetic field and rotation. It is
established that the onset of instability in a Rivlin-Ericksen viscoelastic fluid in
the present configuration cannot manifest itself as oscillatory motion of growing
amplitude if the Taylor number TA, the Chandrasekhar number Q, the magnetic
Prandtl number p2, and the viscoelasticity parameter F , together satisfy the in-

equality
TAF

π2
+
TA

π4
+
Qp2
π2

≤ 1. These results hold for all wave numbers with rigid

boundaries of infinite horizontal extension at the top and bottom of the fluid.

2. Formulation of the problem and perturbation equations

Consider an infinite, horizontal, incompressible, electrically conducting, Riv-
lin-Ericksen viscoelastic fluid layer of thickness d, heated from below such that
the temperature and density on the bottom surface z = 0 are T0 and ρ0, and
on the upper surface z = d are Td and ρd respectively, and that a uniform

adverse temperature gradient β
(
=

∣∣∣∣dTdz
∣∣∣∣) is maintained. The fluid is acted upon



358 A. S. BANYAL

by a uniform vertical rotation Ω(0, 0, Ω) and a uniform vertical magnetic field
H(0, 0,H).
The equations of motion, continuity, heat conduction, and Maxwell’s equa-

tions governing the flow of Rivlin-Ericksen viscoelastic fluid in the presence of
magnetic field and rotation (Rivlin and Ericksen [10]; Chandrasekhar [4],
and Kumar et al. [12]) are:

(2.1)
∂q
∂t

+ (q.∇)q = −∇
(

p

ρ0
− 1

2
|Ω× r|2

)
+ g
(
1 +

δρ

ρ0

)
+

(
ν + ν ′

∂

∂t

)
∇2q+

µe

4πρ0
(∇×H)×H+ 2 (q×Ω) ,

∇.q = 0,(2.2)

∂T

∂t
+ (q.∇)T = κ∇2T,(2.3)

∇.H = 0,(2.4)

∂H
∂t

= (H.∇)q+ η∇2H.(2.5)

The equation of state for the fluid is

(2.6) ρ = ρ0 [1− α(T − T0)] ,

where ρ, p, T , ν, ν ′, and q(u, v, w) denote the density, pressure, temperature,
kinematic viscosity, kinematic viscoelasticity, and velocity of the fluid respec-
tively. Furthermore, r(x, y, z) and the suffix zero refers to values at the reference
level z = 0. Here, g(0, 0,−g) is the acceleration due to gravity and α is the coeffi-
cient of thermal expansion. In writing Eq. (2.1), we made use of the Boussinesq
approximation, which states that variations of the density are ignored in all
terms in the equation of motion, except the external force term. The magnetic
permeability µe, thermal diffusivity κ, and electrical resistivity η, are all assumed
to be constant.
The initial state is one in which the velocity, density, pressure, and temper-

ature at any point in the fluid are, respectively, given by

(2.7) q = (0, 0, 0), ρ = ρ(z), p = p(z), T = T (z).

Let us assume small perturbations around the basic solution and let δρ, δp,
θ, q(u, v, w), and h = (hx, hy, hz) denote respectively perturbations in the
density ρ, pressure p, temperature T , velocity q(0, 0, 0), and magnetic field
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H = (0, 0,H). The change in density δρ, caused mainly by the perturbation
θ in temperature, is given by

(2.8) ρ+ δρ = ρ0 [1− α(T + θ − T0)] = ρ− αρ0θ, i.e. δρ = −αρ0θ.

Then the linearized perturbation equations are:

(2.9)
∂q
∂t

= − 1

ρ0
∇δp− gαθ +

(
ν + ν ′

∂

∂t

)
∇2q

+
µe

4πρ0
(∇× h)×H+ 2 (q×Ω) ,

∇.q = 0,(2.10)

∂θ

∂t
= βw + κ∇2θ,(2.11)

∇.h = 0,(2.12)

∂h
∂t

= (H.∇)q+ η∇2h.(2.13)

Within the framework of Boussinesq’s approximation, Eqs. (2.9)–(2.13), become

(2.14)
∂

∂t
∇2w =

(
ν + ν ′

∂

∂t

)
∇4w +

µeH

4πρ0
∇2

(
∂hz
∂z

)
+ gα

(
∂2θ

∂x2
+

∂2θ

∂y2

)
− 2Ω

∂ς

∂z
,

∂ς

∂t
=

(
ν + ν ′

∂

∂t

)
∇2ς + 2Ω

∂w

∂z
− µeH

4πρ0

∂ξ

∂z
,(2.15)

∂θ

∂t
= βw + κ∇2θ,(2.16)

∂hz
∂t

= H
∂w

∂z
+ η∇2hz,(2.17)

∂ξ

∂t
= H

∂ς

∂z
+ η∇2ξ,(2.18)

where ∇2 =
∂2

∂x2
+

∂2

∂y2
+

∂2

∂z2
; and ς =

∂v

∂x
− ∂u

∂y
and ξ =

∂hy
∂x

− ∂hx
∂y
denote

the z-component of vorticity and current density respectively.
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3. Normal mode of analysis

Analyzing the disturbances in normal modes, we assume that the perturba-
tion quantities are of the form

(3.1) [w, θ, hz,ς, ξ] = [W (z), Θ(z),K(z), Z(z), X(z)] exp(ikxx+ ikyy + nt),

where kx, ky are the wave numbers along the x- and y-directions respectively,
k = (k2x + k2y)

1/2, is the resultant wave number and n is the growth rate, which
in general is a complex constant.
Using (3.1), Eqs. (2.14)–(2.18), in non-dimensional form, transform to:

(D2−a2)
[
(1+Fσ)(D2−a2)− σ

]
W = Ra2Θ + TADZ −Q(D2−a2)DK,(3.2) [

(1+Fσ)(D2−a2)− σ
]
Z = −DW −QDX,(3.3)

(D2−a2 − p1σ)Θ = −W,(3.4)

(D2−a2 − p2σ)K = −DW,(3.5)

(D2−a2 − p2σ)X = −DZ,(3.6)

where we have introduced the new coordinates (x′, y′, z′) = (x/d, y/d, z/d) in
units of length d, and D = d/dz′. For convenience, the primes are dropped here-

after. We have substituted, a = kd, σ =
nd2

ν
, and p1 =

ν

κ
is the thermal Prandtl

number, p2 =
ν

η
is the magnetic Prandtl number, F =

ν ′

d2
is the Rilvin-Ericksen

kinematic viscoelasticity parameter, R =
gαβd4

κν
is the thermal Rayleigh num-

ber, Q =
µeH

2d2

4πρ0νη
is the Chandrasekhar number, and TA =

4Ω2d4

ν2
is the Taylor

number. Also, we have substituted W = W⊕, Θ =
βd2

κ
Θ⊕, Z =

2Ωd

ν
Z⊕,

K =
Hd

η
K⊕, X =

(
Hd

η

)(
2Ωd

ν

)
X⊕, and D⊕ = dD, and dropped (⊕) for

convenience.
We now consider the case where both the boundaries are rigid and perfectly

conducting and are maintained at constant temperature. Then, the perturba-
tions in the temperature are zero on the boundaries. The appropriate boundary
conditions, with respect to which Eqs. (3.2)–(3.6) must possess a solution, are:

(3.7)
W = DW = 0, Θ = 0, Z = 0, K = 0, DX = 0,

at z = 0 and z = 1.
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The Eqs. (3.2)–(3.6), along with appropriate boundary conditions (3.7), consti-
tute an eigenvalue problem for σ and we want to characterize σi, when σr ≥ 0.
We first note that, since W and Z satisfy W (0) = 0 = W (1), then K(0) =

0 = K(1) and Z(0) = 0 = Z(1) in addition to satisfying the governing equations;
and hence we have from the Rayleigh-Ritz inequality (Schultz [18]):

(3.8)

1∫
0

|DW |2dz ≥ π2

1∫
0

|W |2 dz,

1∫
0

|DK|2dz ≥ π2

1∫
0

|K|2 dz,

1∫
0

|DZ|2dz ≥ π2

1∫
0

|Z|2 dz.

Furthermore, forW (0) = 0 = W (1),K(0) = 0 = K(1), and Z(0) = 0 = Z(1),
Banerjee et al. [19] have shown that

(3.9)

1∫
0

∣∣D2W
∣∣2dz ≥ π2

1∫
0

|DW |2 dz,

1∫
0

∣∣D2K
∣∣2dz ≥ π2

1∫
0

|DK|2 dz,

1∫
0

∣∣D2Z
∣∣2dz ≥ π2

1∫
0

|DZ|2 dz.

4. Mathematical analysis

We prove the following lemma:

Lemma 1: For any arbitrary oscillatory perturbation, neutral or unstable

1∫
0

{
|DK|2 + a2 |K|2

}
dz ≤ 1

π2

1∫
0

|DW |2 dz.

P r o o f. Multiplying Eq. (3.5) by K∗ (the complex conjugate of K) and
integrating by parts each term of the resulting equation on the left-hand side
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an appropriate number of times, and making use of boundary conditions on K,
namely K(0) = 0 = K(1), it follows that:

(4.1)

1∫
0

{
|DK|2 + a2 |K|2

}
dz + σrp2

1∫
0

|K|2 dz

= Real part of


1∫

0

K∗DW dz

 ≤

∣∣∣∣∣∣
1∫

0

K∗DW dz

∣∣∣∣∣∣ ≤
1∫

0

|K∗DW | dz

≤
1∫

0

|K∗| |DW | dz ≤
1∫

0

|K| |DW | dz

≤


1∫

0

|K|2 dz


1/2

1∫
0

|DW |2 dz


1/2

(utilizing the Cauchy-Schwartz inequality).

This gives that:

(4.2)

1∫
0

|DK|2 dz ≤


1∫

0

|K|2 dz


1/2

1∫
0

|DW |2 dz


1/2

.

The inequality (4.1), on utilizing the inequalities (3.8) and (4.2), gives:

(4.3)


1∫

0

|K|2 dz


1/2

≤ 1

π2


1∫

0

|DW |2 dz


1/2

.

Since σr ≥ 0 and p2 > 0, and hence inequality (4.1), on utilizing (4.3) gives:

(4.4)

1∫
0

(
|DK|2 + a2 |K|2

)
dz ≤ 1

π2

1∫
0

|DW |2 dz.

This completes the proof of Lemma 1.

Lemma 2: For any arbitrary oscillatory perturbation, neutral or unstable
1∫

0

|Z|2 dz ≤ 1

π4

1∫
0

|DW |2 dz,

1∫
0

(
|DZ|2 + a2 |Z|2

)
dz ≤ 1

π2

1∫
0

|DW |2 dz.
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P r o o f. Multiplying Eq. (3.3) by Z∗ (the complex conjugate of Z) and
integrating by parts each term of the resulting equation on the left-hand side
an appropriate number of times, on utilizing Eq. (3.6) and the appropriate
boundary conditions (3.7), it follows that:

(4.5) (1 + Fσr)

1∫
0

{
|DZ|2 + a2 |Z|2

}
dz + σr

1∫
0

|Z|2 dz

+Q

1∫
0

{
|DX|2 + a2 |X|2

}
dz +Qp2σr

1∫
0

|X|2 dz

= Real part of


1∫

0

DW ∗Z dz

 ≤

∣∣∣∣∣∣
1∫

0

DW ∗Z dz

∣∣∣∣∣∣
≤

1∫
0

|DW ∗Z| dz ≤
1∫

0

|DW ∗| |Z| dz

=

1∫
0

|DW ||Z| dz ≤


1∫

0

|Z|2dz


1/2

1∫
0

|DW |2dz


1/2

(utilizing the Cauchy-Schwartz inequality).

This gives that

(4.6)

1∫
0

|DZ|2 dz ≤


1∫

0

|Z|2 dz


1/2

1∫
0

|DW |2 dz


1/2

.

Inequality (4.5) on utilizing inequalities (3.8) and (4.6), gives

(4.7)


1∫

0

|Z|2 dz


1/2

≤ 1

π2


1∫

0

|DW |2 dz


1/2

.

Since σr ≥ 0 and p2 > 0, hence inequality (4.5) on utilizing (4.7), give

(4.8)

1∫
0

|Z|2 dz ≤ 1

π4

1∫
0

|DW |2 dz,

1∫
0

(
|DZ|2 + a2 |Z|2

)
dz ≤ 1

π2

1∫
0

|DW |2 dz.

This completes the proof of Lemma 2.
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We now prove the following theorems:

Theorem 1: If R > 0, F > 0, Q > 0, TA > 0, p1 > 0, p2 > 0, σr ≥ 0, and
σi 6= 0, then the necessary condition for the existence of a non-trivial solution
(W,Θ,K,Z,X) of Eqs. (3.2)–(3.6), together with boundary conditions (3.7), is
that

TAF

π2
+

TA

π4
+

Qp2
π2

> 1.

P r o o f. Multiplying Eq. (3.2) byW ∗ (the complex conjugate ofW ) through-
out and integrating the resulting equation over the vertical range of z, we get

(4.9) (1 + Fσ)

1∫
0

W ∗(D2 − a2)2W dz − σ

1∫
0

W ∗(D2 − a2)W dz

= Ra2
1∫

0

W ∗Θ dz + TA

1∫
0

W ∗DZ dz −Q

1∫
0

W ∗D(D2 − a2)K dz.

Taking the complex conjugate of both sides of Eq. (3.4), we get:

(4.10)
(
D2 − a2 − p1σ

∗)Θ∗ = −W ∗.

Therefore, using (4.10), we get:

(4.11)

1∫
0

W ∗Θ dz = −
1∫

0

Θ(D2 − a2 − p1σ
∗)Θ∗ dz.

Taking the complex conjugate of both sides of Eq. (3.3), we get:

(4.12) (1 + Fσ∗)(D2 − a2)Z∗ − σ∗Z∗ = −DW ∗ −QDX∗.

Therefore, using (4.12), we get:

(4.13)

1∫
0

W ∗DZ dz = −
1∫

0

DW ∗Z dz = (1 + Fσ∗)

1∫
0

Z∗(D2 − a2)Z dz

− σ∗
1∫

0

Z∗Z dz +Q

1∫
0

ZDX∗ dz.
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Now, integrating by parts, the third term on left-hand side and using Eq. (3.6)
and the appropriate boundary condition (3.7), we get:

(4.14)

1∫
0

W ∗DZ dz = (1 + Fσ∗)

1∫
0

Z∗(D2 − a2)Z dz

− σ∗
1∫

0

Z∗Z dz +Q

1∫
0

X(D2 − a2 − p2σ)X
∗ dz.

Taking the complex conjugate of both sides of Eq. (3.5), we get:

(4.15)
[
D2 − a2 − p2σ

∗]K∗ = −DW ∗.

Therefore, Eq. (4.15) with the appropriate boundary condition (3.7), we get:

(4.16)

1∫
0

W ∗D(D2 − a2)K dz = −
1∫

0

DW ∗(D2 − a2)K dz

=

1∫
0

K(D2 − a2)(D2 − a2 − p2σ
∗)K∗ dz.

Substituting (4.11), (4.14), and (4.16) into the right-hand side of Eq. (4.9),
we get:

(4.17) (1 + Fσ)

1∫
0

W ∗(D2 − a2)2W dz − σ

1∫
0

W ∗(D2 − a2)W dz

= −Ra2
1∫

0

Θ(D2 − a2 − p1σ
∗)Θ∗ dz + TA(1 + Fσ∗)

1∫
0

Z(D2 − a2)Z∗ dz

− TAσ
∗

1∫
0

Z∗Z dz + TAQ

1∫
0

X(D2 − a2 − p2σ
∗)X∗ dz

−Q

1∫
0

K∗(D2 − a2)2K dz −Qp2σ
∗

1∫
0

K∗(D2 − a2)K dz.

Integrating the terms on both sides of Eq. (4.17) an appropriate number of times
and making use of the appropriate boundary conditions (3.7), we get:
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(4.18) (1 + Fσ)

1∫
0

{∣∣D2W
∣∣2 + 2a2 |DW |2 + a4 |W |2

}
dz

+ σ

1∫
0

(
|DW |2 + a2 |W |2

)
dz = Ra2

1∫
0

(
|DΘ|2 + a2 |Θ|2

)
dz

+Ra2p1σ
∗

1∫
0

|Θ|2 dz − TA(1 + Fσ∗)

1∫
0

{
|DZ|2 + a2 |Z|2

}
dz

− TAσ
∗

1∫
0

|Z|2 dz − TAQ

1∫
0

(
|DX|2 + a2 |X|2

)
dz

− TAQp2σ

1∫
0

|X|2dz −Q

1∫
0

(∣∣D2K
∣∣2 + 2a2 |DK|2 + a4 |K|2

)
dz

−Qp2σ
∗

1∫
0

(
|DK|2 + a2 |K|2

)
dz.

Now, equating the imaginary parts on both sides of Eq. (4.18), and cancelling
σi(6= 0) throughout from the imaginary part, we get:

(4.19) F

1∫
0

{∣∣D2W
∣∣2 + 2a2 |DW |2 + a4 |W |2

}
dz +

1∫
0

{
|DW |2 + a2 |W |2

}
dz

= −Ra2p1

1∫
0

|Θ|2 dz + TAF

1∫
0

{
|DZ|2 + a2 |Z|2

}
dz

+ TA

1∫
0

|Z|2 dz − TAQp2

1∫
0

|X|2 dz +Qp2

1∫
0

{
|DK|2 + a2 |K|2

}
dz.

Now, for R > 0, p2 > 0, p1 > 0, Q > 0, and TA > 0, and utilizing the inequalities
(3.8), (3.9), (4.4), and (4.8), Eq. (4.19) gives,

(4.20)
[
1−

(
TAF

π2
+

TA

π4
+

Qp2
π2

)] 1∫
0

|DW |2 dz + I1 < 0,
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where

(4.21) I1 = F

1∫
0

{∣∣D2W
∣∣2 + 2a2 |DW |2 + a4 |W |2

}
dz

+ a2
1∫

0

|W |2 dz +Ra2p1

1∫
0

|Θ|2 dz + TAQp2

1∫
0

|X|2 dz,

is positive definite, and therefore, we must have that

(4.22)
TAF

π2
+

TA

π4
+

Qp2
π2

> 1.

Hence, if

(4.23) σr ≥ 0 and σi 6= 0, then
TAF

π2
+

TA

π4
+

Qp2
π2

> 1.

That completes the proof of Theorem 1.
Presented otherwise, from the point of view of the existence of instability as

a stationary convection, the above theorem can be put in the form as follows:

Theorem 2: The sufficient condition for the onset of instability as a non-
oscillatory motions of non-growing amplitude in a Rivlin-Ericksen fluid heated
from below, in the presence of uniform vertical magnetic field and rotation, is

that,
TAF

π2
+

TA

π4
+

Qp2
π2

≤ 1, where TA is the Taylor number, Q is the Chan-
drasekhar number, p2 is the magnetic Prandtl number, and F is the viscoelasticity
parameter when both the boundaries are rigid.
Or:
The onset of instability in a Rivlin-Ericksen fluid heated from below in the pres-
ence of an uniform vertical magnetic field and rotation, cannot manifest itself
as oscillatory motion of growing amplitude if the Taylor number TA, the Chan-
drasekhar number Q, p2 the magnetic Prandtl number, and the viscoelasticity

parameter F , satisfy the inequality
TAF

π2
+

TA

π4
+

Qp2
π2

≤ 1 when both the bound-
ing surfaces are rigid.
The sufficient condition for the validity of the PES can be expressed in the

form:

Theorem 3: If (W,Θ,K,Z,X, σ), σ = σr + iσi, σr ≥ 0 is a solution of
Eqs. (2.15)–(3.1), with R > 0 and

TAF

π2
+

TA

π4
+

Qp2
π2

≤ 1,

then σi = 0. In particular, a sufficient condition for the validity of the ‘exchange

principle’, i.e. σr = 0 ⇒ σi = 0, is that
TAF

π2
+

TA

π4
+

Qp2
π2

≤ 1.
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In the context of the existence of instability in ‘oscillatory modes’ and of
‘over-stability’ in the present configuration, we can state the above theorem as
follows:

Theorem 4: The necessary condition for the existence of instability in ‘os-
cillatory modes’ and that of ‘overstability’ in a Rivlin-Ericksen fluid heated
from below in the presence of uniform vertical magnetic field and rotation, is
that the Taylor number TA, the Chandrasekhar number Q, p2 the magnetic
Prandtl number, and the viscoelasticity parameter F must satisfy the inequal-

ity
TAF

π2
+

TA

π4
+

Qp2
π2

> 1, when both the bounding surfaces are rigid.
Special Cases: It follows from Theorem 1 that an arbitrary neutral or

unstable mode is non-oscillatory in character and PES is valid for:
1. Thermal convection in a Rivlin-Ericksen fluid heated from below, i.e. when

Q = 0 = TA (Kumar et al. [12]).
2. Magneto-thermal convection in a Rivlin-Ericksen fluid heated from below

(TA = 0), if
(
Qp2
π2

)
≤ 1 (Gupta et al. [16]).

3. Rotatory-thermal convection in a Rivlin-Ericksen fluid heated from below

(Q = 0), if
TAF

π2
+

TA

π4
≤ 1.

4. When F = 0 we retrieve the result for a Newtonian fluid by Gupta et al.
[16] in the presence of a uniform vertical magnetic field and rotation; i.e.,
TA

π4
+

Qp2
π2

≤ 1 .

5. Conclusions

This theorem mathematically establishes that the onset of instability in a
Rivlin-Ericksen fluid in the presence of uniform vertical magnetic field and rota-
tion cannot manifest itself as oscillatory motion of growing amplitude if the Tay-
lor number TA, the Chandrasekhar number Q, p2 the magnetic Prandtl number,

and the viscoelasticity parameter F , satisfy the inequality
TAF

π2
+
TA

π4
+
Qp2
π2

≤ 1

when both the bounding surfaces are rigid.
The essential content of the theorem from the point of view of linear stability

theory, is that for the configuration of coupled-stress fluid of infinite horizontal
extension heated from below having rigid boundaries at the top and bottom of
the fluid and in the presence of an uniform vertical magnetic field and rotation
parallel to the force field of gravity, an arbitrary neutral or unstable modes of

the system are definitely non-oscillatory in character if
TAF

π2
+

TA

π4
+

Qp2
π2

≤ 1,

and in particular, if the PES is valid.
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