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The shape of end heads of a pressure vessel is usually torispherical. Buckling of this head is
one of the most important points for designing of pressure vessels. This subject has been studied
extensively since last years. In this field, the experimental methods are expensive and need a lot
of time. In addition, because of lack of accuracy in the producing procedure, sometimes two
models with identical geometry show different buckling behavior. Hence the use of finite element
method in analyzing of buckling behavior of heads has a lot of benefits. In this dissertation,
the finite element method has been used. Firstly with nonlinear buckling analysis, the effects
of geometrical parameters such as thickness, knuckle radius and diameter of cylindrical part,
on the buckling of heads have been studied, then the buckling behavior of different kinds of
heads with identical geometry have been analyzed. For the nonlinear analysis we used the Arc
Length method which can control the load level, the length of the displacement increment and
the maximum displacement. The most important characteristic of this method is its ability to
converge, even when the behavior is highly nonlinear. From the verification performed with
the European Convention for Constructional Steelwork (ECCS) code, it has been confirmed
that the nonlinear buckling analysis could assure accurate results for the buckling strength.
In the case of internal pressure, it has been shown that initial imperfection had no effect
on the pre-buckling behavior and buckling pressure of head; it just affects the post-buckling
behavior.

1. Introduction

The theories of thin-walled structures applied on the pressure vessel were re-
viewed by Teng et al. [1]. Their results concerning linear and non-linear theories
of thin-walled shells of revolution for numerical evaluation of buckling have been
presented.

Regarding to existence of non-continuous stress distribution in cylinder-head
intersection, the choice of head considering the geometrical limitation and pro-
duction facilities is the most important point in designing of a pressure vessel.
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Torispherical heads are used commonly in pressure vessels because of their sim-
ple manufacturing and good strength in high pressure conditions (Fig. 1). The
buckling strength is one of the most important points in the design of pressure
vessel [2]. Internal pressurization is often an important loading condition for
pressure vessels. Finite element method is often used in the buckling analysis of
pressure vessels due to its capability.

a)

b)

Fig. 1. Geometry of torispherical head. a) 2D-view with parameters and boundary
conditions, b) view a the half-crown.

The hydrostatic buckling of shells under different boundary conditions (B.C.)
has been investigated using the energy method [3]. Results have shown that in
shells with medium height under different B.C., buckling load is obtained by
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applying a scalar coefficient to the buckling load of the pin-ended case, but this
method is not applicable to the long shells, for which the circumferential waves
occurred from buckling are higher than 3.

Teng et al. [4] have introduced a numerical model, aided by the method
of eigenmode-affine, in the non-linear analysis of elastic shells. As the shells
are sensitive to the initial geometric imperfections, predicting of their buckling
resistance would be precise if those imperfections were taken into account.

In the torispherical heads, by increasing the ratio of knuckle radius per vessel
diameter (r/D), dimension of the spherical part decreases. Thus, the spherical
part as a part of the head becomes weaker and in a defined r/D, a notable fall
in buckling resistance occurs [5].

European recommendation ECCS [6] introduced several experimental rela-
tions for design of spherical shells. In a recent analysis, Wanderlich [7] analyzed
the buckling behavior of spherical shells under external pressure.

Here we will discuss the buckling load and influence of different parameters
on it. We will try to suggest some propositions for limitation of buckling.

2. Numerical simulation methods

Buckling analysis can be carried out by numerical methods such as eigen-
value buckling analysis or non-linear buckling analysis, using the finite element
approach. Eigenvalue buckling analysis predicts the theoretical buckling strength
(the bifurcation point) of an ideal linear elastic structure. Bifurcation buckling
refers to the unbounded growth of a new deformation pattern. Imperfection and
material non-linearities can not be included in this analysis. Thus, the buckling
strength obtained by eigenvalue buckling analysis may differ from that of a real
structure and often yields unconservative results. Therefore, care is needed when
using this method in actual evaluation of buckling strength.

Non-linear buckling analysis, including geometric and material non-linearities,
is usually the more accurate approach and is therefore recommended for design
or evaluation of actual structures. There are two methods for obtaining buck-
ling strength by means of non-linear buckling analysis. One basic approach is
to constantly increase the applied loads until the solution begins to diverge,
which can be obtained by means of the load-controlled buckling analysis. Us-
ing this approach, a simple static analysis will be done, with large deflection
extended to a point where the structure reaches its limit load. Another ap-
proach is to constantly increase the displacement to obtain the snap-through
buckling curve shown in Fig. 2. Increasing of the displacement can be obtained
from displacement-controlled buckling analysis. In non-linear buckling analysis,
a sufficiently small load or displacement increment should be used to obtain the
expected buckling strength.
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Fig. 2. Curve of non-linear buckling behaviour [8].

3. Modeling

Non-linear finite element method with large deflection analysis was performed
using the commercial Ansys software. A three-dimensional finite element model
was generated using Ansys 9.0 as shown in Fig. 3. To studying the buckling of
pressure vessel with torispherical head, we modeled the intersection of cylinder-
head. The influence of welding and forming on a material property were ne-
glected while the effect of welding can be accounted for by modifying the yield
stresses. The length of the cylinder was kept at 4λ (λ is the linear elastic merid-
ional bending half-wave length given by 2.44

√
Rt), to ensure that the boundary

effects at the far end of the cylinder do not interfere with the behavior of the in-
tersection [9]. The model was meshed by means of SHELL93 element. SHELL93
is particularly well-suited to model curved shells. The element has six degrees
of freedom at each node: translations in the nodal x, y, and z-directions and
rotations about the nodal x, y and z-axes. The element has the properties of
plasticity, stress stiffening, large deflection and large strain capabilities. The ma-
terial of the intersections was assumed to have typical properties of steel: an
elastic modulus of 1.9 × 105 MPa; Poisson’s ratio of 0.26, and yield stress of
206 MPa, and exhibits an elastic-perfectly plastic behavior.

For modeling of the geometrical imperfections in ANSYS package, we applied
them in the form of initial deformations on the model [8, 10, 11]. For this reason,
first we analyzed the model by using the linear method of buckling and then,
by using the “Update Geom” order, we assumed the values of the magnification
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Fig. 3. Finite element model before buckling.

factor. In fact, by the resulting displacement of different buckling resolutions,
a new model with geometrical imperfection was obtained. This factor of geo-
metrical imperfection, which is in fact a deviation from the perfect model or
the initial deformation, was presented by W0. The buckled model is illustrated
in Fig. 4.

Fig. 4. Finite element model after buckling.
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4. Choice of the resolving method

For the solution of a nonlinear problem, the choice of solution method and
load step (referred to as the time step in the ANSYS software), is very impor-
tant. It should take into account the anticipated structural behavior and the
characteristics of the specific solution method.

Prior to carrying out a nonlinear buckling analysis, it is often beneficial to
undertake a linear (eigenvalue) buckling analysis, in order to obtain some appre-
ciation of the buckling behavior. It may also help to identify those regions in the
model that will first exhibit nonlinear response, and at what load levels these
nonlinearities will develop.

There are several methods available in ANSYS for the solution of the non-
linear buckling equations. They include the Newton–Raphson and Arc Length
methods. For geometrically nonlinear analysis, the Newton–Raphson method has
been shown to be one of the best methods available. The most important charac-
teristic of this method is its ability to converge even when the behavior is highly
nonlinear. The method we start with is also extremely accurate and generally
converges quite rapidly, provided a realistic initial estimate of the displacement
vector. With this method it is also possible to control the solution error and
estimate the rate of convergence, since for any particular load step, the itera-
tions continue until the specified solution error is achieved. Preliminary ANSYS
FE analyses of the columns, in which compression loads were applied, showed
that the Newton–Raphson method converged quite rapidly. For the nonlinear
buckling analysis, coarse time steps may be used in the pre-buckling regime,
but fine steps are required close to the buckling load and in the post-buckling
regime. Different time steps may be used in the pre- and post-buckling regimes
through the multiple ‘load steps’ option within ANSYS. However, it is not easy
to choose the appropriate maximum load level in load-controlled analysis using
the Newton–Raphson method.

Moreover, the Newton–Raphson method fails when a snap-through occurs.
The Arc Length method does not have this drawback and allows one to control
the load level, the length of the displacement increment and the maximum dis-
placement. Therefore, in the nonlinear buckling analyses, the Arc Length method
was used [12].

5. Determination of the buckling pressure

The Southwell plot technique is usually an effective approach in determining
of the buckling load of the corresponding perfect structure [11]. This method
was also adopted in this study, but unfortunately, it was not found to be ap-
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plicable to our problem. The reason is probably that in our research, the load-
displacement curves did not have generally the rectangular hyperbolic nature,
which is basically necessary for application of the Southwell method. In our
study we used a similar method as Theng‘s study on the cone-cylinder inter-
section [9]. In this approach, the curves of load-displacement for nodes in one
circumferential path near the cylinder-head intersection were plotted. In the ini-
tial stage of loading, the curves for all nodes were similar, indicating a dominantly
axi-symmetric behavior. As the pressure reached a certain value, the curves of
nodes at different locations started to diverge from each other. The divergence
of these curves is an indication of the growth of non-symmetric buckling defor-
mations. The load corresponding to the divergence point is the critical buckling
load (Fig. 5).

Fig. 5. Determination of buckling pressure (curve of load-radial displacement
for torispherical head; t/L = 0.002, r/L = 0.06).

6. Parametric study

The geometry of torispherical head was introduced with the t/L, L/D and
r/L parameters, in which t is the thickness of vessel which has identical values in
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heads and cylindrical part, L is the radius of spherical section, r is the knuckle
radius and D is the diameter of cylindrical section. The common heads used
for pressure vessels which have radii of sphere equal to diameter of the cylinder
(L/D = 1). Our study was limited to heads with

t/L ≤ 500 and r/L ≥ 0.06.

The result was compared with the design rules given in European Convention
for Constructional Steelwork (ECCS) [6]. The ECCS rules are based on buckling
of the knuckle and the limit pressure is as given in Eq. (6.1):

(6.1)
Pb

Fy
=

120c
( r

D

)0.825

(D/t)1.5

(

L

D

)1.15 ,

where c = 1.0 for crown and segment steel heads and c = 1.6 for cold-spun steel
heads.

By verification performed with the ECCS code, as Table 1, Fig. 6 and Fig. 7
illustrate, it was confirmed that the nonlinear buckling analysis could assure
accurate results for buckling strength. The discrepancy between the numerical
analysis (FE) and ECCS [6] correspond to the geometrical imperfection and
residual stress, which were taken into account by the ECCS code and not by
the FE.

Table 1. Buckling pressure of vessel with torispherical head (L/D = 1).

t/L r/L PAnsys (MPa) PECCS (MPa) Error %

0.002 0.06 0.20872 0.179 16

0.08 0.22807 0.276 9

0.1 0.34149 0.332 2.8

0.14 0.43883 0.438 0.09

0.17 0.48337 0.514 5.9

0.2 0.542663 0.588 7

0.003 0.06 0.397296 0.400 0.67

0.08 0.46551 0.507 8

0.1 0.53235 0.610 12.7

0.14 0.8196 0.805 1.7

0.17 0.95637 0.944 1.2

0.2 1.058 1.08 1.9
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Fig. 6. Curve of critical pressure versus r/L (t/L = 0.002).

Fig. 7. Curve of critical pressure versus r/L (t/L = 0.003).

6.1. Influence of knuckle radius on buckling pressure

In the internal pressure vessels, due to the existence of circumferential tensile
stresses in both the cylindrical and spherical parts, the intersection is deformed
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Fig. 8. Circumferential membrane stress in intersection [13].

to the internal side. Thus, both of the spherical and cylindrical parts near the
intersection, as illustrated in Fig. 8, was subjected to circumferential compressive
stresses, and so the buckling deflection occurred in both of them.

Figure 9 shows the buckling modes predicted by finite element analysis for
the sphere-cylinder intersection with t/L = 0.002 and r/L = 0.06. These defor-
mations are periodic around the circumference.

Fig. 9. Buckling modes.
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The growths of buckles can now be clearly seen in Fig. 10. The number of
periodic waves on the ring can be counted from this plot to be 39. It should be
noted that this counted number is only a rough indication, as the buckling waves
are not so uniform.

Fig. 10. Influence of knuckle radius (t/L = 0.002 and r/L = 0.06).

Numerical results for all the points of intersection between the head and cylin-
der have shown clearly that the post-buckling behavior of internally pressurized
sphere–cylinder intersections is stable (Fig. 10).

The curves of Fig. 11 show the influence of knuckle radius on the pressure
buckling with different thicknesses. In the analysis, the value of the radius of

Fig. 11. Influence of the knuckle radius on the buckling behavior of the torispherical head.
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spherical part (L) was kept constant (L = 0.5 m). When varying the ratio r/L,
only the knuckle radius (r) was varied. We observe that for all the thicknesses,
increasing of a radius leads to increasing of the buckling pressure. So the knuckle
radius is an influential parameter for increasing of buckling resistance.

6.2. Influence of the thickness on the buckling pressure

Figure 12 illustrates the influence of t/L on the buckling pressure for different
ratios of r/L. Increasing of t/L leads to increasing of the buckling pressure. The
rate of increase, compared to increasing resulting from the ratio r/L, is higher.
The slope of the curves of Fig. 12 as compared to those of the Fig. 11 shows it.
Thus the buckling pressure is more sensitive to the thickness.

Fig. 12. Influence of t/L on the buckling pressure of the torispherical head.

6.3. Influence of the radius of the spherical part on the pressure buckling

In torispherical heads, usually the radius of sphere is the same as the cylinder
(L/D = 1). Buckling of this kind of heads is discussed empirically. For the heads
with different radii mentioned, result of FE for different ratios of L/D is shown
in Fig. 13. The curve shows that by increasing of the radius of the spherical part,
the buckling pressure decreases. So by decreasing of the curvature of the crown,
the buckling pressure of the vessel decreases. In the same way, buckling pressure
of the vessels with a plate head is much lower than of the vessels with a clear
spherical head.
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Fig. 13. Curve of the buckling pressure versus L/D for torispherical head.

While these observations may suggest that the direct use of bifurcation loads
in design may be somewhat unconservative, a closer examination of the results
has revealed that for many of these intersections, the plastic limit load of Eq. (8.1)
is lower than the one-third stiffness load, or both the one-third and half-stiffness
loads. This indicates that the strengths of these intersections are controlled by
the plastic limit load, and the fact that the bifurcation load exceeds the stiffness-
based buckling loads is not of a real concern. The direct use of the bifurcation
loads in design is therefore generally safe.

7. Choice of the equivalent geometric imperfections

For a numerical buckling analysis it is essential, that well comparable and
most general applicable equivalent imperfections should be used. To achieve this,
the shape and the amplitude of the applied equivalent geometric imperfections
have to reflect the effect of the really existing initial imperfections. But currently,
there are no sufficient guidelines for the imperfection parameters of a numerical
analysis. In [5] it is only stated, that the pattern of the equivalent geometric
imperfection shall be chosen in such a form which leads to the most unfavor-
able effect in the buckling behavior of the shell. The ‘worst’ imperfection is
not specified in detail and presently, no practically verified theory exists, which
could indicate it. If the instability problem is caused by geometrical nonlinearity
and the prebuckling behavior is almost linear, the eigenmode-affine imperfec-
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tion patterns, which are derived from the classical linear eigenvalues analysis,
are applicable. Besides the fact that these imperfections are unrealistic, we use
eigen-affine imperfection in our study.

8. Results and discussion

8.1. Analysis of development of the circumferential wrinkles

Due to the buckling, circumferential wrinkles are developed. The number and
amplitude of theses wrinkles increase by increasing of the internal pressure. The
number and amplitude of the developed wrinkles are a criterion to evaluate the
buckling resistance [14]. Creation and development of wrinkles could be followed
by a curve of radial displacement versus the distance in a circumferential path,
in the vicinity of intersection of the cylinder and head of the vessel (Fig. 14).
Although by accounting of the number of wrinkles in this curve, the number of
circumferential wrinkles in the head could be obtained.

Fig. 14. Development of buckling wrinkle r/L = 0.06 and t/L = 0.002.

8.2. Comparison of buckling pressure with limit pressure

The limit pressure of the vessel (PL) with torispherical head is computed
using Eq. (8.1) [15] derived by Shield and Drucker [16]:
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(8.1)
PSD

Fy
=

(

0.33 + 5.5
r

D

)

(

t

L

)

+ 28
(

1 − 2.2
r

D

)

(

t

L

)2

− 0.0006,

in which PSD is the limit pressure (psi), PSD = PL, Fy is the yield stress (ksi).
Figure 15 shows the critical buckling pressure (Pcr) versus the pressure ob-

tained from Eq. (8.1). The curve shows that the buckling pressure is most often
higher than the limit pressure. It means that the limit pressure is more criti-
cal than the buckling pressure. Thus for the vessels with torispherical head, the
buckling pressure as a design criterion will not be sufficient.

Fig. 15. Curve of buckling pressure versus limit pressure.

8.3. Influence of initial geometrical imperfection on buckling behavior

The analysis of imperfection sensitivity was performed with the initial im-
perfection values of W0/t = 1, W0/t = 0.2 and W0/t = 0.5. The perfect model
had t/L = 0.002 and r/L = 0.06. The buckling loads of all imperfect models,
as illustrated in Fig. 16, were equal to the buckling load of the perfect model
and had Pcr = 0.2087 MPa. But the post-buckling behavior of imperfect models
was different from post-buckling of the perfect model. The nearly perfect model
(W0 = 0.2) had the same value as the buckling load and the post-buckling
behavior was such a perfect model. For the most imperfect model (W0 = 1),
the post-buckling behavior had the most important deviation from the perfect
model.
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Fig. 16. Influence of imperfections on the buckling behavior.

The buckling pressure of all imperfect models being 0.208 MPa, we can con-
clude that imperfections do not influence the critical buckling pressure and pre-
buckling behavior of the vessel. Only the post-buckling behavior is influenced
by imperfections. Thus the buckling behavior of pressure vessels with torispher-
ical head, because of their stable behavior, is not sensitive to initial geometrical
imperfections.

9. Conclusion

• The non-linear FE analysis brings the numerical results in vicinity of the
experimental ones. Scatters are generally due to the geometrical imperfec-
tions and residual stresses in a vessel.

• Buckling pressure is influenced by the thickness and height of the vessel.
Larger thickness and height lead to a better buckling resistance.

• The influence of knuckle radius in decreasing of the compression stresses
and also increasing of the buckling pressure is evident.

• In the case of uniform internal pressure, the initial geometrical imperfec-
tions have a small influence on the pre-buckling behavior and buckling load
of torispherical heads. Their influence is considerable on its post-buckling
behavior.

• Using of the buckling pressure criterion in design of torispherical heads
would be conservative.
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In this paper we examine one of the recently proposed chaotic image encryption algorithms,
based on chaotic map lattices (CML). We show certain problems with the chaotic map, as well
as errors in the designed algorithm. Then we propose a way to improve it and present a new
version of algorithm and its implementation. At the end, we show the results of a security
analysis and a comparison of both schemes. These results were obtained in the MSc Thesis [25].

Key words: Discret Chaotic Cryptography (DCC), image encryption, chaotic dynamical
systems.

Chaotic dynamical systems were independently identified by Edward Lorenz
and Yoshisuke Ueda in 1961. They started to be involved into secure commu-
nication in the 9th decade of the 20th century. First, the chaos-based security
research was concentrated on continuous (in time) dynamical systems, governed
by nonlinear differential equations, and two techniques: chaos control and chaos
synchronization. Such techniques are useful for secure streaming, analogous to
stream ciphers known in traditional cryptography. Then, discrete dynamical sys-
tems were applied in a way analogous to block cipher encryption. The second
technique started to be extensively studied when it was applied to image encryp-
tion, which needs very efficient algorithms (due to large sets of bits representing
multicolor pixels). In this paper, we propose an algorithm that could satisfy ex-
pectations of efficiency and security in a case of image encryption, both black
and white and color.

1. Introduction

Discrete chaotic dynamical systems are nonlinear, exponentially sensitive to
changes of initial conditions, the points of their trajectories take values from
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uncountable sets and their subsets of phase space, while the systems are ergodic
or mixing, are equiprobable and asymptotically statistically independent. More-
over, chaos may occur even in simple recursive equations. These properties are
very good from cryptographic point of view, which was intuitively described even
by Shannon [1], when he was introducing the concept of mixing in the infor-
mation theory field. Analogies between features of chaotic systems and prop-
erties of good cryptosystems are widely known [2–4]. The main problem, still
unsolved is how to transfer chaos into finite-state space-valued digital systems,
see [5]. Despite this, scientists are still trying to find a cryptographic application
of mathematical tools of the chaos theory. Many ideas concentrate on ciphers
based on discrete (in time) chaotic maps.

The first cipher of this class was proposed in 1991 by Habutsu et al. [6].
The transformation used was a tent map, a plain text was an initial condition
and a key was the map control parameter, which placed the top of a tent. This
cipher was easily broken [7]. The second idea was to insert the key into the ini-
tial condition of a dynamical system, proposed by Kotulski and Szczepański

[8]. Afterwards, Baptista [9] suggested a cryptosystem, in which both the ini-
tial condition and the control parameters played a role of a secret key. In the
next cryptosystem, [10], the inspiration was a thermodynamical model of a gas
particle, closed in a container, which is subject to a chaotic reflection law. This
time the map was two-dimensional and the key was one of the two initial con-
ditions. d-dimensional dynamical systems (previously agreed between communi-
cation sides) were a base of the cryptosystem introduced by Alvarez et al. [11].
In all of these systems the number of iterations of a chaotic map was limited
on the one hand by the condition of obtaining a statistically good (“random”)
ciphertext, on the other hand by the time of computation. These conditions, the
way of using the map and described forms of the key became typical for most of
the proposed ciphers. A more detailed review of propositions may be found [12].

There are attempts to apply discrete in time, chaotic systems also in im-
age encryption. Image encryption is connected with some specific problems [13],
such as: huge redundancy and size of data, strong correlation between pixels,
compression, different significance of bits (to human eye), speed of computation
(sometimes more important than high security level), etc. In many applications,
conventional encryption schemes are not suitable [14]. Consequently, many sci-
entists turned their attention to algorithms specifically designed for image and
video encryption and to be fast, including many chaotic encryption propositions
(e.g. SPIHT algorithm [15], CKBA [16], BRIE [17], cipher based on 3D Baker’s
transformation [18], RRS-CVES [19]). There exist two approaches: the first one
is to use chaos to permute the order of the pixels; the second one is based on
changing the numerical values responsible for the color of each pixel. There ap-
peared also some ideas to join these two operations, calling them the confusion
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phase and the diffusion phase [20]. The level of sophistication among the propo-
sitions on a secure chaotic cipher constantly grows, although most algorithms
turned out to be insecure (a detailed review [12]). One of the latest propositions
is the image encryption algorithm based on chaotic map lattices (CML) [21].
This cipher is the starting point of our paper.

The scheme of the paper is the following. Section 2 presents the original CML
algorithm. In Sec. 3 we point out some problems in this proposition. Next (in
Sec. 4), we introduce modifications, which improve the CML scheme. In Sec. 5
we present a security analysis of the modified algorithm. In the last Sec. 6 we
draw conclusions and show the direction of future works.

2. CML image encryption scheme

As it was mentioned, image encryption hides some specific problems, such
as huge redundancy and size of data or required effectiveness. Some scientists
believe that chaotic ciphers will turn out to be a good solution to these prob-
lems. An interesting proposition is the CML scheme [21]. This algorithm has
features similar to cipher-block-chaining (CBC) mode, known from the block ci-
phers theory [22]; here blocks are pixels. It means that the encrypted value of
a pixel depends not only on the value of the pixel itself but also on the values of
cryptograms of its neighbors. Such a property is especially important for image
encryption because any ECB mode (electronic code book mode, where identical
pixels are identically encrypted) does not hide contours of elements of a picture.

As a map, CML uses the logistic equation:

(2.1) xn+1 = axn(1 − xn),

where a ∈ (3.57, 4.00) is the control parameter. For all values of a there exist
uniquely determined values xmin and xmax, such that in successive iterations the
values of the variable xn don’t leave the range of [xmin, xmax]. Let us also define
δx = xmax − xmin.

Input data of the cipher are pixel matrices, i.e. three matrices of color com-
ponents in RGB coding, where each element of the matrix takes a value from 0
to 255. If the image is monochromatic, there is obviously one matrix of numbers
(grayscale values). The value of each color component of the pixel is used as
initial value for the logistic equation. Conversion to floating-point numbers and
back to colors are realized by formulas:

xc = xmin + δx

(

Cc

255

)

,(2.2)

Cc = round

(

(xc − xmin)
255

δx

)

,(2.3)
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where c = {R, G, B}, Cc is the c-th component of the color C, and xc is its flo-
ating-point value. The Eq. (2.3) should guarantee returning to the {0, 1, . . . , 255}
set, thus colors of pixels.

Encryption procedure

Let the plain image contain N × M = m pixels, and let i = 1, 2, . . . , m be
a pixel index. To make the description simpler, let us assume that the image is
black and white, represented by one matrix of numbers.

At the beginning, all pixels are changed to floating-point numbers, according
to Eq. (2.2). The value of m-th pixel is taken as an initial condition for the map,
i.e. x1

0 = xm
c . The value obtained from the map after n iterations is added to

the value of the first pixel x1
c , i.e. x1

c + x1
n = x1

c + Mn
(

x1
0

)

. If the sum exceeds
[xmin, xmax], it has to be normalized by subtracting δx. The obtained result is
overwritten as a value of the first pixel. This value becomes a new initial condition
for the map, which is iterated n times, and the obtained result is added to the
next pixel. The sum, if necessary, is normalized and overwritten on the next
pixel’s place and so on. The described procedure is carried through all pixels
and repeated j times for the entire image. Using Eq. (2.3) we convert numbers
to grayscale shades. If we have a color image, the algorithm is done subsequently
to all three RGB matrices.

The algorithm proposed in [21], in a more formal way, may be presented as:

Algorithm 1. CML cipher encryption procedure.

Input: j – number of cycles, part of a cipher key

m – number of pixels, part of a cipher key

IMG – stream of image pixels

n – number of iterations, part of a cipher key

M – chaotic map

p – control parameter, part of a cipher key

xmin, xmax – borders of the attractor, dependent on p

δx = xmax − xmin

Output: stream of encrypted pixels

1. for pixel← 1 to m do IMG(pixel)← xmin + δx
IMG(pixel)

255
2. for cycle← 1 to j do steps from 3 to 7

3. for pixel← 1 to m do steps from 4 to 7

4. x0 ← IMG(pixel − 1)

5. for i← 1 to n do xi ←M(xi−1, p)

6. IMG(pixel)← IMG(pixel) + xn

7. if IMG(pixel) > xmax do IMG(pixel)← IMG(pixel )− δx

8. for pixel ← 1 to m do IMG(pixel)← round
�
(IMG(pixel)− xmin)

255

δx

�
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As a pixel preceding the first one, the last image pixel is taken.
The secret key of the algorithm consists of four numbers: the control para-

meter a, the number of iterations n, the number of cycles j and the size of the
image m = N × M , i.e. the tuple {a, n, j, m}.

Decryption procedure

Again, let us assume for simplicity, that the encrypted image is black and
white.

Firstly, to recover the original image, pixels of ciphertext should be converted
to a matrix of floating-point numbers. Then, from the value of m-th pixel we
subtract the value of the previous pixel, which was earlier iterated n times on
the chaotic map. If the result is less than 0, it should be normalized by adding
δx. These operations are repeated for all pixels of the image, remembering about
the assumed condition for the last pixel. The whole image is processed j times.
If we have a color image, we expand the algorithm in a way analogous to the
encryption procedure.

The decryption algorithm may be presented more formally as:

Algorithm 2. CML cipher decryption procedure.

Input: j – number of cycles, part of a cipher key

m – number of pixels, part of a cipher key

IMG – stream of encrypted image pixels

n – number of iterations, part of a cipher key

M – chaotic map

p – control parameter, part of a cipher key

xmin, xmax – borders of the attractor, dependent on p

δx = xmax − xmin

Output: stream of decrypted pixels

1. for pixel ← m to 1 do IMG(pixel)← xmin + δx
IMG(pixel)

255
2. for cycle ← j to j do steps from 3 to 7

3. for pixel ← m to 1 do steps from 4 to 7

4. x0 ← IMG(pixel − 1)

5. for i← 1 to n do xi ←M(xi−1, p)

6. IMG(pixel)← IMG(pixel)− xn

7. if IMG(pixel) < 0 do IMG(pixel)← IMG(pixel) + δx

8. for pixel ← 1 to m do IMG(pixel)← round
�
(IMG(pixel)− xmin)

255

δx

�
Again, as a pixel preceding the first one, the last image pixel is taken.
To achieve a reasonable security level, authors [21] recommend using the key

values not smaller than: n = 75 and j = 3. Obviously, along with the growth
of the both parameters, the computation time of the algorithm also grows. As
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a remedy, the authors claim that it is possible to increase the security level, by
simply using different values of a and n for each pixel. It does not increase the
computation time significantly.

3. Certain problems with CML encryption scheme

The version of CML algorithm, presented in [21], unfortunately contains sev-
eral mistakes and inaccuracies, which make the algorithm impossible for prac-
tical use. In this section we point out the observed inaccuracies of the algo-
rithm.

There exists a problem with conversion from floating-point numbers to pixel
colors in the algorithm. Using round(·) operator results in small information
leakage and initial conditions for the map in the encryption device, and the
decryption device are slightly different. Because of exponential sensitivity of
chaotic maps, it makes a proper decryption of the original image impossible.
Table 1 illustrates quantitatively this fact.

Table 1. Values of exemplary pixels in encryption device and decryption device
as initial conditions, values obtained from them by using the logistic map with
a = 3.9 and n = 75 and the error between these values. Slight differences grow

exponentially and are unpredictable. Therefore, a proper decryption
is impossible.

initial
condition

in encryption

initial
condition

in decryption

value
from the map
(encryption)

value
from the map
(decryption)

error
error

percent [%]

0.457858 0.457389 0.957239 0.964287 0.007048 0.736

0.632534 0.629926 0.869645 0.904273 0.034628 3.982

0.694364 0.692040 0.103459 0.645242 0.541783 523.669

0.781274 0.778308 0.612869 0.319281 0.293588 47.904

0.811925 0.809365 0.155187 0.908149 0.752962 485.197

0.299123 0.298655 0.335547 0.910547 0.575000 171.362

0.258364 0.257247 0.732454 0.900507 0.168053 22.944

0.973357 0.971549 0.146878 0.974617 0.827739 563.556

0.375212 0.374572 0.098140 0.343083 0.244943 249.585

0.169265 0.167527 0.432184 0.097871 0.334313 77.354

It may be considered, whether the algorithm in authors’ intention would not
have worked in a different way: it were the floating-point numbers which should
be transmitted, not the colors. Unfortunately, this form of algorithm means
that the size of transmitted data grows (using floating-point variables) and that



ON IMPROVED IMAGE ENCRYPTION SCHEME BASED ... 95

the attack on the key-space is possible (we can easily extract extreme values
from a ciphertext, which would be close to xmin, xmax, uniquely determining the
parameter a).

There is also another problem. In order to have the floating-point values not
exceeding the borders of an attractor, i.e. in the range of [xmin, xmax], the nor-
malization process was introduced (adding and subtracting δx). Unfortunately,
the normalization process does not work properly, what is illustrated in Tables 2
and 3 (it was assumed that the encryption procedure encounters values close to
the extreme).

Table 2. Result of executing the algorithm on the extreme values xmax = 0.9 and
xmin = 0.1, with δx = 0.9− 0.1 = 0.8. In the right down quarter we can see leaving

the range of [xmin, xmax], to which normalization ought to prevent.

+ 0.1 0.9

0.1 0.2 1.0− δx = 0.2

0.9 1.0− δx = 0.2 1.8− δx = 1.0

Table 3. Result of executing the algorithm on the extreme values xmax = 0.9 and
xmin = 0.1, with δx = 0.9− 0.1 = 0.8. In three cases we see 0, which means leaving

the range of [xmin, xmax], which normalization ought to prevent.

– 0.1 0.9

0.1 0.0 −0.8 + δx = 0.0

0.9 0.8 0.0

As we can see, with the values close to extreme, it occurs that normalization
causes leaving outside the attractor.

Moreover, the algorithm brings some questions about the map. A dynamical
system is chaotic, when it is mixing and has at least one positive Lyapunov
exponent [23]. The logistic map is chaotic for control parameters a > s∞, where
s∞ = 3.5699 . . . is the Feigenbaum point. Unfortunately, for the logistic map,
even for many isolated values a > s∞, the Lyapunov exponents λ take negative
values (a diagram of numerical calculations may be seen e.g. in [24]). To those
a, chaos does not appear in the system and as we know, security of the cipher
was based on chaos. What is more, using the chaotic map in finite precision
is associated with a so-called dynamical degradation. It emerges as a result of
quantization of state space of the mathematical system, which operates in the
set equivalent with R. This phenomenon causes appearing of short cycles and
general worsening of statistical properties of a system [5, 12]. It may also be used
to attack a chaotic cryptosystem [12].
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In the CML algorithm, the size of the key-space depends on types of variables
used in the implementation, which was not precisely defined by the authors.
What is more, the range of parameters n and j is obviously limited and makes
a small contribution to overall size of the key-space. Using different values of n
and a for each pixel, which was suggested in [21], is not a good idea because of
the large length of such a key.

4. An improved CML algorithm

Because of the problems described above, we try to show the direction of
necessary changes in the CML algorithm. As a chaotic map we chose the 1D
piece-wise linear chaotic map (1D PWLCM) defined by the formula:

(4.1) F (x, p) =



























x/p, x ∈ [0, p),

(x − p)/(0.5 − p), x ∈ [p, 0.5),

(1 − x − p)/(0.5 − p), x ∈ [0.5, 1 − p),

(1 − x)/p, x ∈ [1 − p, 1],

where p ∈ (0, 0.5) (see Fig. 1). The map is simple (easy to compute) and is
chaotic in the whole range of parameter p changes [12].

Fig. 1. 1D piece-wise linear chaotic map, defined by Eq. (4.1).
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In order to avoid effects of dynamical degradation, we use a perturbation
algorithm [12], defined by the formula:

(4.2) xi+1 = rem (F (xi) + ri, 1) ,

where F : [0, 1] → [0, 1] is a given chaotic map, ri ∈ (0, 1) – i-th pseudo-
random number from the generator with uniform distribution (PRNG), which
perturbs the map, and rem(· , 1) means taking rest from division by 1 (taking
the fractional part). The state of generator is determined by a number s (gen-
erator seed). With this map, conversion to floating-point numbers is done by
simple division by 255, while returning to colors is done by multiplication by
255 and rounding to the nearest integer. Conversion does not make problems
with decryption, because it is done always before and after making n iterations
on the map. Therefore, it costs more computations. All the other operations are
performed in group Z256 and the normalization process has an obvious nature
of adding or subtracting 256. The key of the cipher is a pair (p, s), i.e., the
map control parameter p and the seed s of the pseudorandom number gene-
rator.

Encryption and decryption procedures are described below.

Algorithm 3. Improved CML cipher encryption procedure.

Input: s – seed, part of a cipher key

j – number of cycles

m – number of pixels

IMG – stream of image pixels

n – number of iterations

M – chaotic map

p – control parameter, part of a cipher key

RAND – stream of pseudorandom numbers from PRNG

Output: stream of encrypted pixels

1. initialize pseudorandom number generator with seed s

2. for i← 1 to j ·m do RAND(i)← next number from PRNG

3. for cycle← 1 to j do steps from 4 to 10

4. for pixel ← 1 to m do steps from 5 to 10

5. x0 ←
IMG(pixel − 1)

255
6. for i← 1 to n do xi ←M(xi−1, p)

7. k = m · (cycle − 1) + pixel

8. xn ← (xn + RAND(k)) mod 1

9. IMG(pixel)← IMG(pixel) + round(xn · 255)

10. if IMG(pixel) > 255 do IMG(pixel)← IMG(pixel)− 256
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Algorithm 4. Improved CML cipher decryption procedure.

Input: s – seed, part of a cipher key

j – number of cycles

m – number of pixels

IMG – stream of encrypted image pixels

n – number of iterations

M – chaotic map

p – control parameter, part of a cipher key

RAND – stream of pseudorandom numbers from PRNG

Output: stream of decrypted pixels

1. initialize pseudorandom number generator with seed s

2. for i← 1 to j ·m do RAND(i)← next number from PRNG

3. for cycle← j to 1 do steps from 4 to 10

4. for pixel← m to 1 do steps from 5 to 10

5. x0 ←
IMG(pixel − 1)

255
6. for i← 1 to n do xi ←M(xi−1, p)

7. k = m · (cycle − 1) + pixel

8. xn ← (xn + RAND(k)) mod 1

9. IMG(pixel)← IMG(pixel)− round(xn · 255)

10. if IMG(pixel) < 0 do IMG(pixel)← IMG(pixel) + 256

In both algorithms, as a pixel preceding the first one, the last image pixel
is taken. Parameter k is used for indexing the stream from PRNG. As we can
see, in the decryption procedure the numbers from generator are used in reverse
order. Other operations were described above.

5. Implementation and security analysis

The improved version of the CML algorithm, presented above, was imple-
mented in Matlab language to study its practical functioning. In our implemen-
tation p is a double precision floating-point number and s is an unsigned integer,
both 64-bits. Entropy measurement and symmetry of the map [24] cause that
the bit count of p is effectively equal to 53. Thus the size of the key-space is
about 253 × 264 = 2117, which is quite good for some applications.

The tests were done for an image of the size 256×256. The ciphertext turned
out to be illegible even after a small number of iterations (e.g. n = 5), although it
was checked that the ciphertext is not sensitive to small changes in the key. Thus,
the accepted values were n = 25 and j = 5. The used key was (0.12345, 123).
The plain image, the encrypted image and their grayscale histograms are shown
in Fig. 2.
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a) b)

c) d)

Fig. 2. Plain image (a), encrypted image (c) and their histograms (b and d).

As we can see, the encryption process is quite good with making histogram of
grayscale values flat. It was checked that increasing iteration and cycle numbers
do not provide significant improvement. In fact, histogram d) is not better than
histogram made after only a few iterations and cycles. A situation with pixel’s
correlation is similar, see Fig. 3.

Tests of the sensitivity on a key change was carried out with parameters
n = 25, j = 5. Firstly, the (0.222, 2) key was used, then (0.222 − 2−53, 2). Next,
we took the first part of the key as constant and changed the other. First, the
key was (0.222, 123456789), then (0.222, 123456788). Results of the subtraction
of the encrypted image pairs are shown in Fig. 4.

The obtained ciphertexts in the a) case are identical only in 0.36%, whereas
in case b) only in 0.41%. In the next test we encrypted the image with the key
(0.222, 2) and decrypted with the key (0.222 − 2−53, 2). The other pair of keys
was investigated analogously. The results are shown in Fig. 5.
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a) b)

c) d)

Fig. 3. Correlation between the neighboring pixels of plain image and encrypted image:
horizontally (a and b), vertically (c and d).

a) b)

Fig. 4. Result of subtracting the images encrypted with the keys: a) (0.222, 2) and�
0.222 − 2−53, 2

�
; b) (0.222, 123456789) and (0.222, 123456788).
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a) b)

Fig. 5. Result of decryption an encrypted image using another key: a) encryption using
(0.222, 2), decryption using (0.222 − 2−53, 2); b) encryption using (0.222, 123456789),

decryption using (0.222, 123456788).

For the tests of sensitivity on small plain image changes, we used an image
created by making black a square of 2×2 pixels of the original image. We used the
key equal to (0.222, 2), n = 25 iterations, j = 5 cycles. The result of subtracting
of both images is presented in Fig. 6.

Fig. 6. Result of subtracting of two ciphertexts, obtained form very similar images and the
same key.

The obtained ciphertexts are identical only in 0.39%. Thus, the cipher is
sensitive to small changes in the plain image.
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As it was mentioned, the proposed cipher’s nature is similar to CBC en-
cryption mode. We think that this property makes the chosen-plaintext attack
difficult. Using chaos should prevent the cipher from the known-plaintext and
ciphertext-only attacks.

6. Conclusions and future work

In this paper, we have presented several improvements of the errors found in
the CML algorithm [21]. Our improved version of the cryptosystem is defined
precisely, works properly and is ready for implementation. To work correctly, it
does not have to make the data bigger by using floating point numbers to trans-
mit the ciphertext. A comparison of both versions of the algorithm is presented
in Table 4.

Table 4. Comparison of the two versions of the CML algorithm.

Feature CML algorithm New CML algorithm

key format {a, n, j, m} ={map control para-
meter, number of iterations, num-
ber of cycles, image size}

{p, s} ={map control parameter,
PRNG seed}

chaotic map used logistic map 1D PWLCM Eq. (4.1)

dynamical
degradation
prevention

–
perturbation algorithm, defined by
Eq. (4.2)

conversion
to/from colors

twice: at the beginning and at the
end; does not work properly

always before iterating map n ti-
mes and after perturbation algo-
rithm; works properly

normalization by Eq. (2.2) and (2.3); does not
work properly

by simple subtracting and adding
256; works properly

key length using double precision numbers,
256 × 256 image and few more as-
sumptions, about 253 × 25 × 22 ×
28 × 28 = 276

about 2117

ciphertext/
plaintext ratio

using floating point numbers as

a ciphertext,
m · 64 bits
m · 8 bits

= 8

m · 8 bits
m · 8 bits

= 1

Implementation made in Matlab language intensively increases the random-
ness of the image, even with small number of iterations. The pattern of the
image is disappearing, the image looks like noise, histogram of grayscale values
is flat and the correlation vanishes. The influence of the key and plain image to
ciphertext is large, but the required number of iterations and cycles is bigger
than the one required to obtain a ciphertext with a flat histogram. The size of
the key-space in this implementation is about 2117.
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The proposed algorithm was tested with respect to its correctness, reversibil-
ity (in decryption device) and being ready for implementation. To test its ef-
fectiveness in professional applications, additional work should be carried out
to write the adequate computer code in an optimal way. The required studies
should include a choice of an appropriate PRNG in Algorithms 3 and 4.
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A common engineering task is the optimization of components that are part of multi-
body assemblies, in which it is difficult to extrapolate and define the boundary conditions
to be applied for the component optimization. This work presents a procedure for multi-goal
optimization of components that are integrated in multipart engineering systems. The efficiency
of the procedure is illustrated by means of a test case, a carry-mould that is part of a multi-
component blowing machinery. Target goals of the optimization process are the minimization
of moment of inertia and of global mass and the maximum allowable displacement in a number
of control points.

Key words: design, multi-goal optimization, carry-mould, blow-machinery assembly, FE
modelling.

1. Introduction

The optimum design of mechanical components is the one that best meets all
the requirements specified by engineers, resulting to be as effective as possible in
terms of their performance and reliability. Due to different reasons, optimization
is frequently a difficult task. For instance, in many real problems, attention must
be directed not only to minimization of a single function but to optimization of
more than one target goal, with simultaneous satisfaction of the predefined con-
straints placed on the design. Moreover, typical engineering systems are described
by a very large number of variables which even the most skilled designers are
unable to take simultaneously into account without proper powerful numerical
simulation tools. Besides, mechanical components are often a part of complex
assemblies, thus making it difficult to extrapolate and define the boundary con-
ditions to be applied in the component for its design optimization.

A procedure for investigation of the multi-goal optimum design of components
that are integrated in complex engineering systems is presented in this work.
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A carry-mould that is a part of the blowing machinery composed of several
components, is used as a test component in order to illustrate the procedure.
Target goals of the optimization are the minimization of moment of inertia and
global mass of the carry-mould, while the main displacement in a number of
control points is imposed to remain under an allowable peak value. Numerical
scales and values have been excluded from the results because of confidentiality
issues, but this does not affect comprehensibility and relevance of the results.

2. Optimization of the carry-mould

The original design of the carry-mould used as a test case to illustrate the
proposed procedure is shown in Fig. 1a (base model). Two additional initial
parametric geometries of the carry-mould were generated for a computation-
ally efficient investigation of a number of potential designs: the mono-rib model
(Fig. 1b) and the two-ribs model (Fig. 1c).

a) b) c)

Fig. 1. The initial parametric geometries of the carry-mould: a) the base model, b) the
mono-rib model, c) the two-ribs model.

Parameterization of the base model involved the geometric variables that
define the external profile of the carry-mould, the width and clearance angles of
the rib and ribbings and the thickness around the upper hole. In addition, in
the two-ribs and mono-rib models, also two lightening holes were parameterized
in position and diameter. A limited number of geometric fixed constraints was
imposed in the parameterization (location and diameter of the holes for the pins
and position of the contact plate of the carry-mould).
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The proposed optimization procedure allows to investigate the design space
by the definition of a 3D FE (Finite Element) equivalent single-body model of
the component, obtained as explained in the following.

First, a simplified 2D FE model of the blowing machinery was generated from
the original 3D CAD model (Fig. 2a). Indeed, evaluation of numerical robustness
and accuracy in complex 3D problems is extremely time-consuming and the 2D
simplified model allows to identify (with smaller computational requirements)
the average element dimension, the most critical contact regions and the proper
solution parameters to be used in the component 3D FE model that will consti-
tute the starting point for optimization. The 2D FE model of the assembly was
generated by virtually cutting the 3D CAD model along the middle longitudinal
cross-section (Fig. 2b) and by using the contour lines of components (Fig. 2c).
Boundary conditions applied to the 2D model were analogous to those imposed
on the 3D FE model but, in order to replicate the real 3D problem behaviour,
the 2D model was also stiffened by constraining appropriate zones of the frame
and by adding 2D beam elements with infinite stiffness where appropriate.

a) b) c) d)

Fig. 2. a) Original 3D CAD model; b) 2D CAD model; c) simplified 2D CAD model;
d) optimal 2D FE model.

A 3D FE model of the complete multi-body assembly (24 components) was
successively generated in order to identify the values of displacements and con-
tact pressures acting on the carry-mould and constituting the constraints for the
successive optimization simulations. The meshed model had 171955 20-nodes
tetrahedral elements and 235194 nodes. Boundary conditions applied to the
model considered the blowing pressure, a vertical pushing force and the grip-
ping screw forces acting in the real physical system.

Finally, the boundary conditions (displacements and contact pressure) de-
rived by the 3D FE model of the assembly were imposed on the equivalent
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single-body model of the carry-mould, by means of a set of purposely created
grids of areas and points (Fig. 3).

a) b)

Fig. 3. Qualitative maps of the displacements (a) and contact pressure (b) applied on the
carry-mould from the assembly 3D FE model simulation.

ModeFRONTIER MDO (Multi Design Objective) tool [2] was used for the
multi-goal optimization of the carry-mould.

By adopting the equivalent single-body model of the examined component [1],
the same output values as those obtained from the complete multi-body assembly
3D FE model were found. At the same time, a drastic reduction of the optimiza-
tion process computing-time was achieved, thus allowing for the evaluation of
a very large number of design solutions. In fact, while each complete multi-body
assembly 3D FE model simulation required approximately 20 hours, the equiva-
lent single-body model simulation took only 5 minutes. Moreover, the definition
of an equivalent single-body model simplified the identification of the entities
needed for optimization: the input variables, parameterized in the model (that
is the geometric variables previously defined for the base, two-ribs and mono-rib
models), the output parameters that have to be optimized, and the optimization
constraints. As already mentioned, the target goals were the minimization of mo-
ment of inertia and of global mass (output parameters) of the carry-mould. The
optimization constraints were applied in a number of control points in the contact
plate with the blow-mould shell, where the maximum allowable discrepancy from
the values obtained by the 3D FE assembly model was limited to 10%. Results
were expressed by a set of feasible non-dominated solutions, the Pareto optimal
set (Pareto front). The evolutionary algorithm used to solve the test problem
was the Non-dominated Sorting Genetic Algorithm (NSGA-II) implemented in
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modeFRONTIER [3, 4]. An initial population of 20 configurations was set in the
NSGA-II algorithm for each of the three analysed parametric geometries. Each
initial population was identified by a pseudo-random SOBOL DOE sequence,
thus reducing the clustering effect in the design space uniform sampling.

Lastly, robustness and stability of each candidate solution were investigated.
Uncertainties in manufacturing errors, material properties and applied loads on
the equivalent FE single-body model were investigated by means of the Multi-
Objective Robust Design Optimization (MORDO) tool in modeFRONTIER.
These variables were regarded as Gaussian distributions [5], characterized by
a fixed standard deviation of 50 µm for the geometric parameters and a 10%
variation of the nominal values for the grid contact pressure. Literature provided
reference for uncertainties on the elastic modulus, the Poisson coefficient and the
material density [6, 7]. A sensitivity analysis and a convergence test of the target
goals standard deviation were performed to establish the number of runs in the
robust design routine. The configuration characterized by the lowest standard
deviation of the objective functions was then chosen as the final optimum design.

3. Results

From the optimal 2D FE model of the assembly (Fig. 4) it followed that the
most critical contact regions, requiring a smaller average elements dimension,
were those including upper pins, probably because they were the most responsible
for the model kinematics behaviour.

Fig. 4. Percentage error in output displacements with respect to the most refined FE model
(assumed as the exact solution) vs the number of elements in the 2D FE model.
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The results found for the optimal 2D FE model were used to set the average
elements dimension in the 3D FE model of the assembly. A qualitative example
of the results predicted by the 3D FE assembly model is shown in Fig. 5.

Fig. 5. Qualitative map of Von Mises stress distribution as predicted by the 3D FE model.

The good agreement between the single-body and the 3D assembly FE models
outputs is qualitatively shown in Fig. 6.

Fig. 6. Comparison of the map of the displacements along the x direction in the 3D FE
model (right) and in the single-body model (left) (front and lateral view).

The displacements in a selected set of benchmark points, predicted by the
equivalent single-body model, showed an average percentage error of 1.3±1%
with respect to the analogous displacements computed by the 3D FE model of
the assembly, indicating a very good agreement between the results.

The optimization procedure gave a total number of 6 solutions to be the
candidates for the final optimum design (three for the base model, one for the
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mono-rib model and two for the two-ribs model). For each original geometry,
these solutions were the designs meeting the highest number of constraints on
displacements, with the highest percentage improvement of the output objective
functions (Table 1).

Table 1. Best target goals improvements achieved with candidate optimal
designs.

Goal (minimization)
% Improvement

Base model Mono-rib model Two-ribs model

Mass 10.1 4.9 2.5

Moment of interia 11.4 8.3 5.7

Among these solutions, the design chosen as optimum was the one exhibiting
the highest stability, in terms of objective functions, with respect to the uncer-
tainties of the input parameters. Robust design analyses were preformed only for
the base and two-ribs models, which produced more than one candidate solution.

Among these designs, the base-model candidate solutions were the most sta-
ble with respect to uncertainties of the input parameters, being characterized by
a lower standard deviation. Thus, the final optimum design was chosen to be the
geometric configuration of the base model that showed the highest percentage
of improvement in terms of objective functions.

4. Conclusions

A novel procedure for the multi-goal design optimization of component part
of complex assemblies was illustrated in this work by a test case. The opportunity
to perform an extensive investigation in the optimum design space constitutes
the principal benefit by adopting this procedure. In fact, by defining a 3D equiv-
alent single-body model of the component, a drastic reduction of computation
time is achieved without significant loss in the solution accuracy. The impact of
uncontrollable variations of variables on design solutions could also be examined
by means of the developed methodology. The efficient investigation of the opti-
mization design space allowed to identify and choose the most robust and stable
configuration as the final optimum design.
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The paper presents experimental results of investigations carried out under complex stress
state on the 2024 aluminium alloy (used by aircraft industry) and P91 steel (used at power
plants). Second-order effects associated with cyclic loadings enforced by the trapezoidal signals
in the two mutually perpendicular directions are identified. It is shown, how the cyclic loading
and its parameters (strain amplitude and frequency) influence the simultaneous monotonic
loading in the direction perpendicular with respect to the cyclic one. Moreover, the paper
presents an analysis of the selected mechanical properties variations on the basis of an initial
yield locus evolution.

1. Introduction

The influence of different forms of shear deformation of engineering materials
on their mechanical parameters variation during parallel or subsequent loading
processes has been investigated by many research groups, e.g. [1, 7, 9, 10, 12, 13].
The experimental results of these tests reflect a great role of the shear deforma-
tion connected with location and distribution of material grains [12], enforcing
of slip lines direction [13] or identification of characteristic dislocation structures
associated with cyclic loading, for a range of shear stress amplitudes. There is
also a strong interest in experiments evaluating the influence of torsion cycles
on the materials behaviour after prestraining due to monotonic deformation [6],
or tension-compression cycles carried out up to the saturation state [2]. Looking
at the available publications, a new trend in material testing can be observed in



114 Z. L. KOWALEWSKI, T. SZYMCZAK

the last decade. It is related to the cyclic loading application for a modification
of some well-known forming processes [3–5]. Such an approach is important not
only from the technological point of view, but also is essential for researchers
developing new FEM codes and constitutive equations [8].

The paper presents the identification of material effects due to various com-
binations of cyclic and monotonic loadings.

2. Identification of cyclic loading influence on the material

deformation in the perpendicular direction

2.1. A role of torsion cycles for cyclic deformation in axial direction

of the 2024 aluminium alloy

All strain-controlled tests were carried out on the 2024 aluminium alloy under
the biaxial stress state, being a combination of an axial force and twisting mo-
ment, both varying cyclically. The control signals were designed to form a square
in the strain plane. It was achieved by the combination of two trapezoidal load-
ing signals mutually delayed (when the first signal attained the maximum, then
the second one started to increase linearly while the first one kept the constant
value; when the second signal attained the maximum, the first one started to
decrease up to the minimum while the second one kept the constant value, and
so on). The main purpose of the programme was to identify second-order effects
associated to the non-proportional cyclic loading along the square strain path.

An interesting feature can be easily noticed looking at the courses of stress
and strain signals, Fig. 1a; 1b. A significant reduction of stress components mag-
nitude takes place. It is visible when one of the control loading signals changes
the direction (i.e. turns back). The second-order effects mentioned above are

a) b)
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Fig. 1. Variations of the strain and stress signals due to cyclic loading realized along the
square strain path. Effective strain amplitude: a) ±0.4%; b) ±0.6%.
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especially considerable when the amount of strain amplitude increases. For ex-
ample, in the case of the cyclic strain amplitude equal to ±0.4% a drop of the
axial stress reaches about 100 MPa, whereas for ±0.6% it equals 250 MPa.

The influence of complex cyclic loadings acting along square strain path on
the mechanical behaviour of the 2024 aluminium alloy can be evaluated on the
basis of the data shown in Fig. 2, where the selected experimental results are
presented. The results exhibit a hardening effect of the material. It is expressed
by a gradual increase of stress amplitude and hysteresis loops. The effect increases
with the strain amplitude increase. Moreover, the material does not reach the
saturation state after the applied number of cycles. Both diagrams in Fig. 2 also
well identify the axial stress reduction. Direct reason of that effect is connected
with unloading in the torsion direction.

a) b)

Fig. 2. Stress-strain variations and stress amplitude evolution due to the loading
programmes shown in Fig. 1. Effective strain amplitude: a) ±0.4%; b) ±0.6%.

A rapid stress drops observed during cyclic loading along a square strain path
was further investigated on the P91 steel, using the experimental programme in
which torsion cycles were superimposed on monotonic tension. The representa-
tive experimental results of these tests are presented in the next point of this
paper.

2.2. An influence of torsion-reverse-torsion cycles

on uni-axial tension of the P91 steel

The experimental programme was carried out for a small value of the total
strain, less than 1%. The main experimental objectives were focused on evalua-
tion of:
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• the influence of torsion-reverse-torsion cycles on the tensile characteristic
and conventional mechanical parameters of engineering materials;

• the role of delayed torsion cycles on the behaviour of materials during the
monotonic tension;

• an influence of the cyclic loading frequency on the tensile characteristics.

The P91 steel, commonly applied in the power industry, was investigated. A con-
trol parameter in the form of cyclic strain amplitude was designed to have a tri-
angular shape and frequency equal to 0.5 Hz or 1 Hz.

All tests were carried out at room temperature using thin-walled tubular
specimens with 1.5 mm wall thickness. The biaxial stress state was obtained
using various combinations of axial force and twisting moment. All loading pro-
grammes were strain-controlled. The experimental programme contained selected
combinations of monotonic and cyclic loadings, i.e. the torsion-reverse-torsion
cycles were superimposed on the monotonic tension.

In the last part of the experimental programme, the subsequent yield surfaces
for a plastic offset strain equal to 10−5 were determined. It enabled investigation
of the initial yield surface evolution due to the loading history applied.

The representative loading programme is shown in Fig. 3. It presents some
variations of the axial and shear strain components versus time. Stress responses
in the programme are illustrated in Fig. 4. Variations of the axial stress express
the material hardening in the direction of tension, while those for the shear stress
observed identify a lack of any significant effects.

Fig. 3. Strain-controlled loading paths (ε – axial strain, γ/2 – shear strain).
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Fig. 4. Stress responses in the loading program shown in Fig. 3
(σ – axial stress, τ – shear stress).

In the first part of experiment, an influence of the cyclic strain amplitude
on the basic mechanical parameters evolution was investigated. As it is shown
in Fig. 5, the torsion-reverse-torsion cycles associated with monotonic tension

Fig. 5. Comparison of typical tensile characteristic (0) with tensile characteristics due to
monotonic tension, superimposed on the torsion-reverse-torsion cycles for strain amplitude

equal to: ±0.3% (1), ±0.5% (2), ±0.7% (3).
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caused variations of the tensile characteristic. A significant decrease of the axial
stress can be observed. An increase of the cyclic shear strain amplitude led to
the further decrease of the stress-strain characteristic. As a consequence, due to
the cyclic loading applied, the conventional mechanical parameters, such as the
proportional limit and yield point, were significantly reduced. It is expressed by
an essential drop of the yield point from 490 MPa to 145 MPa (Fig. 5).

Fig. 6. Tensile characteristic of the P91 steel determined in assistance of torsion cycles
(±0.5%), delayed with respect to monotonic axial loading.

The stress-strain diagrams showing the results of tests for the 2024 aluminium
alloy identify a transient character of the axial stress reduction during tension
associated with cyclic loading [9, 11]. This conclusion can be proved by determi-
nation of the yield surfaces for materials after standard tension tests and after
the tension carried out in the presence of torsion cycles.

Thus, the next step of the experimental programme comprised the tests, the
main aim of which was to check whether the axial stress reduction (as a conse-
quence of the axial force lowering) during tension had a permanent character.
The yield surface concept was applied. For each yield surface determined it was
assumed that the total strain in the axial direction must be the same. The rep-
resentative results for the P91 steel are presented in Fig. 7. As it is clearly seen,
the subsequent yield surfaces for the material confirm that the axial stress re-
duction is related only to torsion cycles during monotonic tension. Looking at
the magnitudes of tension stress achieved for the same offset strain, instead of
reduction their increase can be observed. Therefore, it can be concluded that
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the comparison of the subsequent yield loci with the initial yield surface exhibits
only an influence of the loading history applied, and moreover, it proves a tran-
sient character of the axial force reduction, which can be solely attributed to
cycles acting in the perpendicular direction.

Fig. 7. Evolution of the initial yield surface (0) for the P91 steel due to
torsion-reverse-torsion cycles for strain amplitude equal to: ±0.3% (1), ±0.5% (2), ±0.7% (3).

Taking into account the evolution of the initial yield surface origin, it is easy
to see a reduction of the residual stresses in the torsion direction for the ma-
terial subjected to the highest value of the torsion cyclic strain amplitude. In
order to check whether a further increase of the cyclic strain amplitude may
further eliminate the residual stresses from the material, additional tests were
carried out. They were performed for two combinations of cyclic and monotonic
loading having the same value of strain amplitude equal to ±0.8%, Fig. 8. At
first, the material was subjected to monotonic torsion (up to 1% prestrain) as-
sisted by tension-compression cycles and then, using another specimen, it was
loaded monotonically by increasing axial force (leading to 1% prestrain) and by
reversible twisting moment. In the next step, directly after termination of these
loading programmes, the yield surfaces were determined. Their comparison with
the initial yield locus confirms the transient character of a stress reduction ob-
served on the monotonic loading direction when cycles were in progress. Also,
a tendency to residual stresses reduction due to the increase of cyclic strain
amplitude was approved. The results presented in Fig. 8 delivered an additional
important knowledge on the material behaviour, namely, the P91 steel subjected
to cyclic loading exhibits the softening effect observed on the directions corre-
sponding to those of the cycles applied. Similar conclusions can be formulated
on the basis of the results presented in Fig. 9. It shows a comparison of the
initial yield locus with the subsequent yield surface determined after termina-
tion of the loading programme illustrated in Fig. 6. Despite the delay of cyclic
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Fig. 8. Comparison of the initial yield surface (0) with the subsequent yield surfaces
determined after monotonic torsion combined with tension-compression cycles (1) and after
monotonic tension and by torsion cycles (2). For both cyclic loadings, the effective strain

amplitude was equal to ±0.8%.

Fig. 9. Comparison of an initial yield surface (0) with a subsequent yield surface (1)
after the test shown in Fig. 6.

torsion with respect to monotonic deformation due to tension, the same effects
were obtained, i.e. softening of the steel in the directions of cyclic preloading and
a lack of stress reduction observed during an acting of the torsion-reverse-torsion
cycles.

The experimental programme also contained the tests evaluating the influ-
ence of the cyclic loading frequency on the tensile characteristics. As mentioned
earlier, two values of the frequency were taken into account: 0.5 Hz and 1 Hz.
The results are presented in Fig. 10.

As it is shown, only a small variation was achieved, and therefore further
investigations in this matter are required. They should cover a much wider range
of the frequency variation.



VARIATION OF MECHANICAL PARAMETERS ... 121

Fig. 10. Illustration of the effect of frequency variation on the tensile characteristics.

3. Final remarks

The effects presented in the paper are especially important for solid mechan-
ics development, since they can be used to formulate new constitutive models.
On the other hand, they provide an essential knowledge necessary for possible
modification of some forming processes commonly applied in the industry.

The investigations carried out on the P91 steel and 2024 aluminium alloy
allow to formulate the following conclusions and remarks:

• for the non-proportional cyclic loading along a square strain path, a signif-
icant reduction of stress components was identified. It was observed during
each turn back of cyclic loading components;

• torsion-reverse-torsion cycles during monotonic tension cause a significant
decrease of the proportional limit and yield point;

• an increase of the strain amplitude of torsion cycles improves material
ductility in the tension direction;

• a reduction of the yield point and proportional limit increases with the
cyclic strain amplitude increase;

• an axial stress reduction due to the presence of torsion cycles is not per-
manent, it vanishes after cyclic loading interruption;

• an initial yield surface evolution does not confirm rapid reduction of the
selected mechanical parameters during tension assisted by cyclic torsion,
it only points out their variations due to the loading history applied;
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• the frequency variation of cyclic loading, within the range of values con-
sidered, caused only a little variation of the tensile characteristic.
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W. JÜPTNER (Germany) P. C. B. TSAY (Taiwan)
A. N. KOUNADIS (Greece) Z. WESOŁOWSKI (Poland)

EDITORIAL COMMITTEE

L. DIETRICH – Editor

B. GAMBIN J. HOLNICKI-SZULC
K. KOWALCZYK-GAJEWSKA R. PĘCHERSKI
Z. KOWALEWSKI

B. LEMPKOWSKI – secretary

Address of the Editorial Office:
Engineering Transactions
Institute of Fundamental Technological Research
Pawińskiego 5B,
PL 02-106 Warsaw, Poland

Phone: (48-22) 826 60 22, Fax: (48-22) 826 98 15, E-mail: publikac@ippt.gov.pl

Abstracted/indexed in:

Applied Mechanics Reviews, Current Mathematical Publications, Inspec, Mathematical
Reviews, MathSci, Zentralblatt für Mathematik.

http://et.ippt.gov.pl/



SUBSCRIPTIONS

Address of the Editorial Office: Engineering Transactions

Institute of Fundamental Technological Research

Pawińskiego 5B, PL 02-106 Warsaw, Poland

Tel.: (48-22) 826 60 22, Fax: (48-22) 826 98 15, E-mail: publikac@ippt.gov.pl

Subscription orders for all journals edited by IPPT (Institute of Fundamen-

tal Technical Research) may be sent directly to the Publisher: Institute of

Fundamental Technological Research

e-mail: subscribe@ippt.gov.pl

Please transfer the subscription fee to our bank account: Payee: IPPT PAN,

Bank: Pekao S.A. IV O/Warszawa,

Account number 05124010531111000004426875.

All journals edited by IPPT are available also through:

• Foreign Trade Enterprise ARS POLONA ul. Obrońców 25,

03-933 Warszawa, Poland, Tel. (48-22) 509 86 38, 509 86 37

e-mail: arspolona@arspolona.com.pl

• RUCH S.A. ul. Jana Kazimierza 31/33,

01-248 Warszawa, Poland,

Tel. (48-22) 532 88 16, Fax (48-22) 532 87 31

e-mail: prenumerata@okdp.ruch.com.pl

• International Publishing Service Sp. z o.o ul. Noakowskiego 10 lok. 38

00-664 Warszawa, Poland, Tel./fax: (48-22) 625 16 53, 625 49 55

e-mail: books@ips.com.pl

Warunki prenumeraty
Prenumeratę na wszystkie czasopisma wydawane przez IPPT PAN przyjmuje

Dział Wydawnictw IPPT. Bieżące numery można nabywać, a także zaprenumero-

wać roczne wydanie Engineering Transactions, bezpośrednio w IPPT PAN,

ul. Pawińskiego 5B, 02-106 Warszawa

Tel.: (48-22) 826 60 22; Fax: (48-22) 826 98 15
e-mail: subscribe@ippt.gov.pl

Czasopisma można zamówić (przesyłka za zaliczeniem pocztowym) w Warszawskiej Drukarni
Naukowej PAN, ul. Śniadeckich 8, 00-656 Warszawa
Tel./Fax (48-22) 628 87 77; (48-22) 628 76 14, e-mail: dystrybucja@wdnpan.pl
Wpłaty na prenumeratę przyjmują także regionalne Działy Sprzedaży Prasy RUCH S.A.
Infolinia: 804 200 600. Zamówienia można przesyłać pocztą elektroniczną ze strony
www.prenumerata.ruch.com.pl

Arkuszy wydawniczych 4.5; Arkuszy drukarskich 3.5
Papier offset. kl. III 70 g. B1

Oddano do druku w listopadzie 2009 r. Druk ukończono w grudniu 2009 r.
Skład w systemie LATEX K. Jezierska

Druk i oprawa: Drukarnia Braci Grodzickich, Piaseczno ul. Geodetów 47A




