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A nonlinear stability analysis is performed on non-sway rectangular two-bar steel frames
subjected to a concentrated, suddenly applied joint load with constant magnitude and infinite
duration. Using energy and geometric considerations, the dynamic buckling load is determined
by considering the frame, being a continuous system, as a discrete 2 degrees-of-freedom system
with corresponding coordinates of the two bar axial forces. The effect of imperfection sen-
sitivity due to loading eccentricity is also addressed. A qualitative and quantitative analysis
of these autonomous systems yields a substantial reduction of the computational work. The
efficiency and reliability of the nonlinear stability analysis proposed herein is illustrated by
several examples, which are also solved using finite element nonlinear analysis.

Key words: nonlinear dynamic stability, imperfect frames, suddenly applied load, loading
eccentricity, FEM.

1. INTRODUCTION

In modern elastomechanics, elastic stability theory has attracted considerable
attention due to the increasing demands in the design and analysis of light
and stiff structures with high load-carrying capacity. A major contribution to
this area is the initial post-buckling analysis of KOITER [1]|, which refers to
systems that in their ideally perfect state exhibit a bifurcation point at the
critical buckling load. However, the existence of ideally perfect structural systems
is an exception rather than the rule. The majority of real structural systems, if
accurately modeled, experiences limit point instability rather than bifurcational
buckling. This is so because the presence of any small imperfection, which is
unavoidable in actual systems, implies the degeneration of the bifurcation to
a limit point [2].
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The present work examines in detail the critical dynamic buckling response
of non-sway, imperfect (due to loading eccentricity) two-bar frames, which are
supported on two immovable hinges. It is qualitatively shown that this type of
non-sway frames, associated from the onset of loading with (primary) bending,
cannot exhibit any asymmetric bifurcation, losing always its stability via a limit
point. However, the case of loss of stability via any asymmetric bifurcation can
be considered only in an asymptotic sense. The first buckling load estimate,
useful for the subsequent development, is readily obtained by employing a linear
stability analysis. Thereafter, the nonlinear equilibrium equations of the latter
frame are derived through a variational approach by employing the principle of
stationary value of the total potential energy (TPE). These equations can be
written in terms of the first derivatives of the TPE with respect to the unknown
axial forces in the two bars. This is an important step, which facilitates the
analysis, since we can consider the continuous system (i.e. the two-bar frame) as
a two-degrees-of-freedom model, governed by two generalized coordinates, being
the aforementioned axial forces in the two bars. Then, one can establish the
second variation of the TPE as a function of the above mentioned two axial forces.
By vanishing the stability determinant (i.e. the second variation of the TPE),
written in terms of the second derivatives of the TPE, we obtain the condition
governing the critical state [7, 12]. This condition, along with the equilibrium
equations, leads to an easy and direct evaluation of the critical (buckling) load.
Moreover, simultaneous vanishing of the TPE and the equilibrium equations
lead to a lower bound estimate of the dynamic buckling load. This very simple
procedure yields reliable results for structural design, proposed for the above type
of dynamic loading associated with autonomous systems. Subsequently, more
reliable results for the dynamic buckling load are obtained using the energy and
geometric considerations of KOUNADIS approach recently presented in Ref. [16].

The methodology proposed herein is demonstrated by means of several nu-
merical examples solved also by a nonlinear FEM, which subsequently are com-
pared with those of previous analyses [8, 9].

2. MATHEMATICAL FORMULATION

Consider the rectangular two-bar, geometrically perfect, frame ABC' shown
in Fig. 1 supported on two immovable hinges. Let ¢;, A; and I; be the length,
cross-sectional area, and moment of inertia of the i-th bar (i = 1,2). The frame
is loaded at its joint B by a vertical concentrated force P, eccentrically applied
with respect to the centerline of the vertical bar AB. The loading eccentricity
e* measured from the axis of the latter bar is positive if the point of application
of the load is located to the right of this axis. The deformed configuration of the
frame is described by the displacements w; (transverse deflection) and & (axial
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displacement) at any point « of the centerline of the i-th bar. Both bars made of
a Hookean material can undergo moderate rotations but small strains |4, 10, 11].

x5k p
lﬁl’! °'l_ EALEL ¢

—y—— ===

X3,65

EA,E],

deformed ‘El
state

Wi A

I 22 i

Fi1c. 1. Geometry and sign convention of an imperfect rectangular two-bar frame.

Introducing the dimensionless quantities
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the total potential energy (TPE) function V', in dimensionless form, is given by
KouNaDis [5]:

1
/ A2 <§1 + w’f) +wi?| day
0

5]

where the prime denotes differentiation with respect to x; (i = 1,2). Note that
the replacement of the eccentric joint load by a centrally applied load and a bend-
ing moment — related to the last term of Eq. (2.2) — presupposes that e is suffi-

l\DM—\

)\2 <£2 + w'22> + w'2'2 dxo + 6251(1) + ﬁ2pew'2 (1),

ciently small.
The geometric boundary conditions, known a priori, are given by

w1(0) = wa(0) = £1(0) = £2(0) = 0

(2.3)
w'y (1) = wy(1), p&a(1) = wi(1), §1(1) = —pwz(1).
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Application of the principle of a stationary value of the TPE function, §V = 0,
yields the following differential equations:

1 /
(2.4) i=1,2

1 /
w — [(5{ + 2w;2> w;] =0

and natural boundary conditions after using Eqgs. (2.3)

wi(0) = w3(0) =0,

[ + 3ur] + 25 {urw - g

5] s} + 52 =0,
(2.5)
508 [6(0) + 3] - ur )+ 22 [0
+3u)] ui ) =0

wﬂn+%wyn+pﬁe:o

Integration of the first of Egs. (2.4) gives

1 k? ,
(2.0 )+ qufle) =55 (=19),
due to which the second of Eqs. (2.4) becomes
(2.7) w!” (x;) + k2wl (z;) =0  (i=1,2).
The general integrals of Egs. (2.6) and (2.7) are
SO P
&i(x)=C — iy [ w (x7)dx7,
1
Yol k% 1 i 1201 /
(2.8) &a(z2) =C — R (x%)dxs,
2
0

wl(aﬁl) = (C1sinkiz1 + Cycoskixy + Csxq + Cy,

W9 ($2) = 61 sin koo + 62 cos koxg + 63132 + 64,
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where the integration constants C, C, C; and C; (for i = 1, ..,4) are determined
by the boundary conditions.

Note that the unusual case of tension in the horizontal bar is not important.
As shown by KOUNADIS et al. [8], this occurs for very small values of the external
loading or in case of monotonically rising (stable) equilibrium paths.

Using Egs. (2.6), the conditions (2.5), after taking into account that

wl(z1) + kfw) (1) = Cski

and B
wy' (x2) + kywh(wz) = Csks,

are simplified as follows:

w((0) = wy(0) =0,

k5C'3 + ;(52 —k7) =0,
(2.9)
k205 + %kg =0,

wl/(1) + %wgm + pBPe =0.

By virtue of the first four of geometric conditions (2.3) and the first two of
conditions (2.8), we find C = C = Cy = Cy = Cy = C4 = 0. Then, Egs. (2.8)
become

k% 1 ’ 12/ 1 /
§1(z1) = —ﬁxl ) wy (r7)dy,
! 0
(2.10) §o(@2) = “at2T g [ W (2p)dy,
2
0

wl(xl) = C1sinkiz1 4+ Csxq,
wg(afg) = 61 sin koxo + 631}2.

Using the last two of Egs. (2.10), the last one of the natural boundary con-
ditions (2.9) and the fifth of geometric conditions (2.3), we obtain

C’lk% sin k1 + Halkg sin ko — pﬁQe =0,
(2.11) P
Cikycosky + Cs3 — Cikycosky — Cg = 0.



8 I. G. RAFTOYIANNIS, A. N. KOUNADIS

The third and fourth of Egs. (2.10) along with Egs. (2.11) yield

2
pﬁQecost —|—% M( k2ﬁ ) + 2k2] ko sin ko
Cl = )
k1 (k1 sin k1 cos kg + %kg cos k1 sin kg)
(B -8%)  wk|, .
(212) B /3526 cos k] — [/,L k‘2 + ﬁ]{? k1 sin kq
Cl - y
ko (/ﬁ sin k1 cos ko + %]{2 cos k1 sin k2>
k2 _ 2 k? _ 122
C3 = — ,u2 %,032&7(1 25).
ki i ks

The last two of geometric conditions (2.3) yield the nonlinear equilibrium
equations, which due to Egs. (2.10), become

1
. k3 1 [ o,
Cisink1 +Cs=p |—= — = [ wydxa |,

N2
0
(2.13)
1
ralpx Val k2 1 2
p(Crsinky + Cs) = /\2 —|— wi“dxy,
where
i C2k? in 2k
wPdzy = C2 + 20, Cysinky + —oL (14 22201
2 2kq
0
(2.14)
/ CoK2 sin 2k
/w’22dx2 :63—1—261635111]{24— 172 (1 + 2 ,
2 2ko
0

with C; and C; (i = 1,3) given in Egs. (2.12).

By virtue of relations (2.12) and (2.14), Egs. (2.13) yield two nonlinear equi-
librium equations with respect to k% and k%, which can be determined only
numerically as functions of the external loading 32 for given values of the pa-
rameters \;(i = 1,2), p, u and e. The entire (prebuckling and postbuckling)
equilibrium path, being of the implicit form:
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(215) /82 :ﬂ2(k1’k2§>\17)\27/77/~576)a

is established only numerically by solving Eqgs. (2.13) with respect to k; (i = 1,2)
for various levels of the load 4% and given values of A1, Ao, i, p and e, and then
by plotting it via the relationship 32 versus k; (i = 1,2) or, usually, 3? versus

wi (1), wi(1), &(1) or &(1).
3. STATIC CRITICAL LOADS

Introducing into Eq. (2.2) the expressions given in Egs. (2.10), after integra-
tion, we get the expression of the TPE function V in terms of the unknown axial
forces k1 and ko, for given values of the parameters A; (i = 1,2), u, p and e. The
derivatives of V' with respect to ki and ko, denoted by V; and V5, yield the two
nonlinear equilibrium Egs. (2.13), i.e.

1
k2 1
Vi=Cysink; +Cs+p /\%+2/w'22dx2 =0,
2

1
_ — K21
Vo = p(Cl sin ky + 03) — )\7; + 2/w/12dx1 = 0,
! 0
where C1, C3, C1 and Cj3 are given by Egs. (2.12), and the integrals by rela-
tions (2.14).
The critical state C' (B., kS, kS) is obtained by the condition of vanishing of
the determinant of the matrix [V;;] of the second variation §2V¢, evaluated at
the critical state C, namely

(3.2) det[V;]¢ = (Vi1 Vaz — Vi) =0,

where

Vi1 = 0*V/ok3,
Vg = 0°V/Ok3,
Vig = Vo1 = 0°V/0k 0k,.

4. DYNAMIC CRITICAL LOADS

Such an autonomous system, if damping is ignored, is governed by the prin-
ciple of conservation of total potential energy, TPE, Hamiltonian FE between any
two states, i.e.
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(4.1) E=K+V,

where K is the positive definite total kinetic energy and V is the TPE, respec-
tively. For this undamped autonomous system under the above type of dynamic
loading, the initial (¢ = 0) conditions imply zero displacements and velocities,
which yield K;—yp = V;—9g = 0 and hence £ = 0. Since throughout the motion
E =0, from Eq. (4.1) it follows that [3, 6, 14]

(4.2) V=-K.

Namely, throughout the motion (including the instant of Dynamic Buckling)
the TPE function V is negative (i.e. for V' > 0 there is no motion, and thus
no dynamic buckling). According to the Lagrange or Laplace dynamic global
stability criterion [16], dynamic buckling (in the large) for autonomous systems
is defined as that state for which an escaped motion becomes either unbounded
or of a very large amplitude. The minimum load corresponding to this state is
defined as dynamic buckling load (DBL).

For 1-DOF autonomous undamped systems, dynamic buckling occurs always
through a saddle (equilibrium) point, and hence K = 0, which due to Eq. (4.2)
yields V' = 0. The exact DBL and the associated critical displacement are ob-
tained by solving the system of Egs. V = V; = 0.

For 2-DOF systems the DBL is obtained by the procedure presented in
Ref. |16, 17]. A lower bound dynamic buckling load denoted by BQD is obtained
by the solution of Eq. (3.1) and V = 0.

5. NUMERICAL RESULTS

Numerical results for various geometric configurations of frames are given
in both the graphical and tabular forms. Figures 2 and 3 show the total po-
tential energy V = 0 in the w(1)-wy(1) plane for various load levels 32, for
a rectangular frame with

p=p=1,

A1 =22 =380

and loading eccentricity e = 0.01. Note that V' = 0 represents a closed curve in
the w1 (1)-ws(1) plane for load levels lower than 3% = 2.2149 (Fig. 3a). For higher
loads, V' = 0 represents an open curve (Fig. 2b) in the aforementioned plane.
The motion of the joint B is bounded for load levels lower than 3% = 2.4585,
becoming unbounded for higher loads. The solution technique for obtaining the
V-curve is based on the Newton-Ralphson scheme, where the symbolic manipu-
lator Mathematica 5.1 [13] has been employed. The joint motion is obtained by
means of a FEM nonlinear solution.
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a) b)

e =221 W2

Fia. 2. Total potential energy V vs. wi(1)—w2(1) for:
a) $2=2.21 and b) 8% = 2.22.

P2.4254

‘ ] / % BI_E&.A’-IJSS
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FiG. 3. Total potential energy V' vs. w1 (1)~w2(1) for:
a) B% = 3* = 2.2149 and b) 33 = 2.4254.

In Table 1, one can see numerical values of the lower bound critical loads
B2D and the analytical and numerical dynamic buckling loads (DBL) ﬂ2D with
the corresponding values of loading eccentricities, slenderness ratios, moment of
inertia and length ratios.

It is worth to mention that the maximum deviation in 3? between the present
analytical approach and the FEM results is less than 1.3%. However, the method
proposed herein is less cumbersome and very efficient in parametric studies and
can be more readily applied than a numerical FEM nonlinear analysis. The
entire analysis is also facilitated by using qualitative considerations based on
sufficient knowledge of the physical phenomenon of the problem under discus-
sion.



12

I. G. RAFTOYIANNIS, A. N. KOUNADIS

Table 1. Critical DBL 2 for loading eccentricity e = 0.01

and various values of u, p, A1.

A 1 p Bh Bh
0.25 2.0189 2.2108 (2.2409)
0.25 1 0.8909 0.9755 (0.9888)
4 0.2626 0.2876 (0.2915)
0.25 2.9596 3.2409 (3.2851)
40 1 1 2.1745 2.3811 (2.4136)
4 0.8949 0.9799 (0.9933)
0.25 3.3251 3.6411 (3.6908)
4 3.2985 3.6120(3.6613)
4 2.1929 2.4013 (2.4340)
0.25 2.0564 2.2519 (2.2826)
0.25 1 0.9074 0.9937 (1.0072)
4 0.2675 0.2929 (0.2969)
0.25 3.0146 3.3012 (3.3462)
80 1 1 2.2149 2.4254 (2.4585)
4 0.9115 0.9981 (1.0118)
0.25 3.3869 3.7088 (3.7594)
4 1 3.3508 3.6791 (3.7294)
4 2.2336 2.4459 (2.4793)

Note: The values in parentheses correspond to results obtained by FEM.

A nonlinear finite element (FEM) analysis is also employed for obtaining
the critical loads and studying the postbuckling behavior of the frame. For this
purpose, the finite element package Algor is utilized [15]. With the aid of the
“Superdraw” editor of Algor, the frame is modeled as a plane model in the XY-
plane, where all out-of-plane displacements are restrained. Both the column and
the beam are subdivided into 100 beam elements. Thus, the frame model has
602 degrees of freedom and 200 elements. Next, the boundary conditions (pinned
supports) and the beam properties (material and sectional properties) are defined
for all elements. A concentrated load P is dynamically applied at the joint B
acting downwards, while the loading eccentricity is implemented in the form
of a concentrated moment applied at the same joint of magnitude M = —Pe.
In Fig. 4, the finite element model of a rectangular two-bar frame, created by
Superdraw, is shown.

Next, with the aid of “Nonlinear Decoder” editor of Algor, where the solution
technique and the loading parameters are set. Geometrical nonlinearity with
large displacements is defined for the model, and the updated Lagrange method
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TXyz v Txyz

Fi1Gc. 4. Finite element model of a rectangular two-bar frame.

for solution of the nonlinear problem is chosen. Finally, the loading step size as
well as the tolerance value is defined. Execution of the Nonlinear Decoder creates
the input file for the nonlinear FE solver.

The nonlinear solver of the Algor package is used and the nonlinear solution
is performed. The results are stored in the output file and can be viewed with the
“Nonlinear Superview” editor of Algor. In Fig. 5, one can see the postbuckling
deformation for the rectangular frame with eccentricity e = 0.01 obtained via
the finite element method.

~AM

[ P o ' Txyz

Txyz
Fi1c. 5. Dynamic buckled shape of the rectangular frame with e = 0.01 obtained by FEM.

It is worth to notice that for the cases of frames with initial imperfections,
there occurs inadequacy or unreliability of the results obtained via finite ele-
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ment analyses, which can be safely established by using the proposed technique
which is essentially analytic. More specifically, using the conservation of energy
principle for conservative systems, we see that after a large number of cycles
(time-steps) the total potential energy V' and the kinetic energy K do not cancel
each other, as could be expected from the theoretical analysis. This justifies the
slight deviation observed between the results obtained by FEM and the ones
obtained analytically.

6. CONCLUDING REMARKS

The most important conclusions of this study dealing with the nonlinear
dynamic buckling response of a rectangular imperfect two-bar non-sway frame
with various loading eccentricities, can be summarized as follows:

1. A systematic, comprehensive and readily applicable method for establish-
ing the dynamic buckling loads of imperfect (due to loading eccentricity
frames) is thoroughly discussed. This is facilitated by considering the total
potential energy (TPE) as a function of the two axial bar forces. Thus, the
continuous system (frame) is reduced to a 2 degrees-of-freedom system.

2. A qualitative discussion for seeking the dynamic buckling load based on
geometrical considerations involving the TPE surface is properly estab-
lished.

3. A direct and easily employed evaluation of the static critical buckling (limit
point) load is established leading to very reliable results. To this end, the
numerical part is appreciably reduced. Moreover, the analytical part can
also be reduced if symbolic manipulation is employed.

4. The dynamic buckling loads for non-sway two-bar frames corresponding
to a certain (non-zero) loading eccentricity are obtained for various geo-
metrical parameters. The results are compared with the numerical ones
obtained by a nonlinear FEM analysis.

5. The proposed approach proved to be very reliable and the computational
effort is drastically reduced in case of multi-parameter analyses.
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PARAMETER SELECTION RULES FOR ELEMENTS
OF ENERGY-ABSORBING STRUCTURES
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The paper presents the results of an experimental program and gives suggestions on the
design of an energy-absorbing structure with respect to the kinetic energy of impact. The
presented results account for the influence of the following factors on the energy-absorbing
capability: matrix and reinforcement type, structure, shape and thickness of elements.

Key words: polymer composites, absorption energy, experimental testing.

1. INTRODUCTION

On the basis of the literature review and the results of our own tests on en-
ergy absorbing structures it can be stated that, because of high strength-to-mass
ratio, the polymer composites have a wide application in construction of energy-
absorbing structures of vehicles and aircrafts. The magnitude of the absorbed

A\ /¥'/\A

90 N TN
) f\ /\/J\J‘\/\/‘\M
STINYS
iy |
45

Load [kN]

1

-
[¢)]

Liads

0o 15 30 45 60
Displacement [mm)]

Fic. 1. P — Al dependence for a truncated cone-shaped specimen made of the epoxy
composite reinforced with a glass mat.
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energy depends both on the composite type and its components, from which the
composite or the sandwich-type structure is made. The energy-absorbing struc-
tures, in particular those made of composites, with elements which can acquire
various shapes, can be designed to reach the desired value of the absorbed en-
ergy, and the mechanism of progressive failure during crash will ensure obtaining
of a high absorption energy.

In the paper, an extensive experimental program was carried out on the influ-
ence of the type and structure of composites, geometry and shape of an energy-
absorbing element. Exemplary relations obtained from the tests were presented
in Figs. 1 and 2, from which the progressive failure work has been determined.

150 -

120 =

©
o
!

D
o

Load [kN]

w
o

45

0 15 30
Displacement [mm]

Fic. 2. Crush failure force dependence on displacement for 3 specimens made of the epoxy
composite reinforced with a glass mat.

2. SELECTION OF THE ENERGY-ABSORBING STRUCTURE PARAMETERS
DEPENDING ON THE CRASH ENERGY VALUE

It follows from the work — kinetic energy theorem that:
(2.1) —AFE = L.

The negative increase in the kinetic energy AFE resulting from the crash is
equivalent to the work of the crush force L (absorbed energy)

2 2’

(2.2) —AFE =

where m is the object’s mass, Vj — initial velocity, Vj — final velocity.
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Assuming the data obtained from an experimental test of a helicopter crash
of a 767 kg mass and the impact velocity equal to 8 m/s, we have

767 - 82

(2.3) AFE = 24.544 kJ,

which is equal to the absorbed energy (AE). Knowing the mass of the equipment
and its impact velocity, one can calculate the energy value which the absorbing
energy structure has to absorb during its failure. Assuming displacement Al =
0.1 m, simple calculations show that the mean crushing force P is:

AE
(2.4) P =" =240 kN.

Assuming that the energy-absorbing structure is of a sandwich type, one can
use for its core elements in the shape of tubes, truncated cones, spheres and
waved shells. The results of investigation for all these cases in the form of AE
will be presented further in the paper.

3. CoST (PRICE) OF MATERIALS FOR THE ENERGY-ABSORBING
STRUCTURES

While selecting materials for energy-absorbing structures, the data included
in Table 1 can be useful. To build the energy-absorbing structures of aircrafts,
because of the required lightness, mainly various kinds of polymer composites
with different types of reinforcement are used. The structure lightness is also
important in the automobile industry, because a light car can reach higher
accelerations at the same power of the engine. The polymer composites not
only have the highest ratio of strength and stiffness to their density, but also
the highest specific absorbed energy (SAE), in comparison to metals and their
alloys.

The prices of one kilogram of materials given in Table 1 were taken from
current price lists (for the year 2006), whereas the SAE values for metals were
taken from our own investigations and from literature.

The results presented in Table 1 demonstrate that from among all polymer
composites, the epoxy one reinforced with a glass mat reveals the most advanta-
geous ratio of the SAE to the price, whereas it is the carbon steel which, because
of its lowest price, proved to have the highest ratio from all the analysed com-
posites and metals. The mean SEA values presented in Table 1 are obtained for
various geometries of the absorbing energy structures for the given composite

type.
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Table 1. Comparison of SAE with the price of one kilogram for composites
and metals.

Material Price SAE SAE/Price
[USD/kg| | [kJ]
carbon/epoxy — composite reinforced with roving 60-135 82.3 1.37-0,61
carbon/epoxy — composite reinforced with fabrics 52-120 88.9 1.71-0.74
glass/epoxy — composite reinforced with roving 5.3-10.5 45.1 8.5—4.29
glass/epoxy — composite reinforced with fabrics 4.2-6.5 76.2 18.14-11.72
glass/epoxy — composite reinforced with a mat 2.4-3.2 67.9 28.2-21.21
carbon/PEEK 230-260 128.0 0.55-0.49
aramid/epoxy 60-120 60.1 1.0-0.5
glass/vinylester — composite reinforced with roving 5.1-9.8 50.9 9.98-5.1
glass/vinylester — composite reinforced with fabrics 4.0-5.9 86.1 21.5-14.5
vinylester composite reinforced with carbon roving | 58.2-132.1 92.9 1.6-0.79
vinylester composite reinforced with carbon fabrics | 53.8-116.7 99.1 1.8-0.85
aluminium alloy 1.4-1.7 18.1 12.9-10.6
carbon steel 0.4-0.9 27.8 69.5-30.8
stainless steel 2.7-3.2 26.8 9.9-8.4

4. INFLUENCE OF MATRIX TYPE (RESIN) AND REINFORCEMENTS (FIBRES)
OF POLYMER COMPOSITES

In our investigation we used the matrices and fibres most commonly used
in the energy-absorbing structures of aircrafts and automobiles. The following
composites were subjected to tests: epoxy, vinylester and polyetherketone ones
with carbon, glass and aramid reinforcements of various forms (continuous fibres,
fabrics and mat). The results of investigation of the composite matrix influence
on the SAE value are presented in Table 1.

On the grounds of the test results presented in Table 2 we can conclude that
the highest value of the SAE is revealed by the composites with a polyetherketone
matrix (PEEK), a slightly lower one — by those with a vinylester matrix, and
a value considerably lower value than for the vinylester one — by the composites
with an epoxy matrix.

The mechanical properties of composite’s matrix influence considerably the
crack resistance. The tests revealed that the more brittle is the composite matrix
(low toughness), the lower becomes the crack resistance and, consequently, the
absorbed energy AE.

Paper [1] presents the results of a critical investigation of energy release co-
efficients (G;c), with taking into account the influence of the matrix type and
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Table 2. SAE comparison for various types of matrix of selected structures
(G — glass fibres, C — carbon fibres, A — aramid fibres), under axial loading.

21

Specimen Epoxy Vinylest.er PEEK re.zsin
Structure composite composite composite
shape SAE [kJ] | SAE [kJ] SAE [kJ]

Glass mat (G) 40.8 35.3 58.5

[(0/90)7]s (G) 413 69.8 1.2

[(£45)7] (G) 47.8 62.1 76.4

. [0]s (S) 38.8 428 69.3

2 [0/907/(£45)7/0]s (G) 36.8 51.7 62.1

%” [(0/90)s (C) 67.7 70.3 925

= [(£45)7] (C) 65.1 68.9 89.3

g [0]o (C) 62.4 64.9 86.9

3 [0/907 /(£45)7/0]5 (C) 60.8 62.9 8L.8

= [(0/90)s (A) 8.1 59.2 62.8

[(£45)7] (A) 479 60.7 65.2

[0/907/(£45)7/0]s (A) 474 58.3 63.4

03] (G) 41.9 42.8 76.2

[£15/02]5(G) 475 493 80.3

[£30/02 |5 (G) 32.6 36.6 79.8

[£45/04]s (G) 53.4 57.9 86.4

[90/02]5 (G) 486 68.9 82.5

g [(0/90)7/02]s (G) 64.2 72.9 871

= [£15,/02]5(C) 71.3 73.3 94.9

[£30/0; |5 (C) 62.1 64.7 84.8

[90/02]s (C) 75.1 76.1 96.1

[(0/90)7/02]5 (C) 77.2 80.2 98.2
5° 61.1 63.1 -
10° (0/90)1/0/(0/90)r (G) 596 62.5 -
15° 48.9 52.7 -
NS 35.8 38.9 -
s [w 70.2 74.2 -
2 (0/90)]/02/1(0/90)r ]2 (G) | — 92 S -
< [ 15 67.8 69.9 -
% 20° 61.6 64.2 -
= [ 5 69.9 72.3 -
= [ 10° (0/90)2./0/(0/90)r (C) 67.3 70.6 -
15° 55.8 60.2 -
20° 431 52.9 -
5° 773 80.2 -
10 1(0/90)12/02/1(0/90)la (C) |— 08 it -
15 75.4 75.9 -
20° 68.9 71.8 -




22 S. OCHELSKI, T. NIEZGODA
Table 3. SAE comparison for various types of epoxy composite reinforcements
for selected structures.
Specimen Structur Carbon | Carbon | Glass | Glass | aramid
shape ueture roving fabric roving | fabric | fabric
[0s] 62.4 — 40.2 — -
2 [(£45)7] - 65.1 - 47.8 47.9
f [(0/90)7]10 - 67.7 - 41.3 48.1
[0/907/(+45)7 /0] - 60.8 - 36.8 474
[0s] 62.4 - 41.9 - -
[£15/02]s 71.3 — 47.5 — -
é [£30/02 |s 62.1 - 32.6 - -
& [+45/02]s 56.8 - 53.4 - -
[90/02]s 75.1 - 48.6 - -
[(0/90)r /02]s - 87.4 - 64.2 57.5
5° - 73.4 - 70.2 -
4 10° (0/90)7/0/(0/90) - 76.8 - 69.8 -
g 15° — 75.4 — 67.8 -
S)
(5] o
< 20 - 68.9 - 61.6 -
fg 5° - 69.9 - 61.1 -
=i o
E 10° 11(0/90)7]2/02/[(0/90) 7] |~ 67.3 - 59.6 -
15° - 55.8 - 48.9 -
20° - 43.1 - 35.8 -

the load application manner (I, II, (I+1I)) on the crack propagation effect (de-
lamination) for static loads. Two types of composites were taken in the tests:
an epoxy composite reinforced with unidirectional carbon fibres and one with
a thermoplastic shield (PEEK) reinforced in the same way. The results of crack
toughness tests for the investigated composites are presented in Table 4, where
G1c denotes the critical energy release coefficient. In tests, for different load
cases (I, II, (I+1I)) — (I — crack divergence, IT — transversal shear, I+II — mixed
load), the specimens DCB, ENF, CLS were assumed correspondingly — cf. pa-

per [2].

Table 4. Matrix type influence on Gic for the carbon fibre-reinforced

composites.
Composite type Gic [J/m?] | Gume [J/m?| | Guc [J/m?
Composite C/E 473 599 650
Composite C/PEEK 1205 1397 1502
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From among all the analysed composites, the one with a thermoplastic ma-
trix PEEK, reinforced with carbon fibres, proved to be the most resistant to
cracking.

It can be concluded from the results presented in Table 3 that the carbon
fibres composites reveal the highest impact energy-absorbing capability, whereas
the aramid fibres-reinforced ones exhibit the lowest ability. This phenomenon
can be explained by the mechanical properties of the fibres. The carbon fibres
have high compression and shear strength and during failure the composites
undergo shear and bending of the layers. However, the aramid fibres have a very
low compression strength (R™) but a very high tensile one (Rt = 1300 MPa),
which is shown in Fig. 3.

2
Kevlar 29

w 1
o
O,
2 PET
9 9

-1 I I

-2 -1 0 1 2

Deformation [%]

Fia. 3. The e—o diagram for Kewlar 29 and polyethylene terephthalate fibres [3].

The behaviour of the epoxy composite reinforced with aramid fibres in an
axial compression test was dominated by the brittle matrix and plastic fibres,
which resulted in a fast progress of delamination, with plastic deformations of
the fibres’ layer during the failure. The mechanical properties and, in particular,
the bending stiffness of the layer with aramid fibres, are lower than those for the
layers reinforced with carbon and glass fibres — the AE in the case of the aramid
composite was lower.

5. INFLUENCE OF THE COMPOSITE’S STRUCTURE

On the grounds of our own investigation, the influence of the composite’s
structure on the SAE was elaborated. The obtained results are shown in
Figs. 4-8.
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F1G. 6. Dependence of the energy-absorbing capability on the carbon-vinylester composite

structure.
The fibre orientation in a layer exerts the same influence on the SAE as on

the mechanical properties, i.e. bending stiffness, failure deformations at tension
and compression as well as on strength. The influence of the fibre orientation

Fi1Gc. 7. Dependence of the energy-absorbing capability on the glass-vinylester composite
in a layer on the properties of the investigated composite and the composite
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Fi1Gc. 8. Dependence of the energy-absorbing capability on the glass-PEEK composite
structure.

response to the bending load during the test is clearly demonstrated in the
case of a specimen reinforced with carbon fibres. The test results for the C/E
[+45)/ — 45k]s composite revealed a higher crush failure force than for the com-
posites of the structure [0],, and [90],, in spite of their lower stiffness. The C/E
specimens with the [+45;/ — 45;]s structure exhibit a larger plastic range in the
test, which makes an important difference in comparison to the crush process of
other C/E specimens.

The highest SAE is exhibited by the elements of the [(0/90)7/0,/(0/90)r|
structure, made of a carbon fibre-reinforced composite, in which the external
and internal layers are made of cross-linked rowing fibres, which carry on the
circumferential stresses, whereas the external layers consist of rowing parallel to
the specimen’s axis, which causes an increased compressive and bending strength.

6. INFLUENCE OF THE WALL THICKNESS OF ENERGY-ABSORBING
STRUCTURE ELEMENTS

The basis for elaborating the SAE dependence on the element wall’s thickness
were the results of our own test, presented in Fig. 9, in which these relations are
to a great extent approximated by straight lines. Very thin elements fail by local
buckling, which is caused by low value of the SAE. The relation SAE-thickness of
an energy-absorbing element can serve in practice to design an energy-absorption
structure of a vehicle or an aircraft with a requested value of AE.

With a given kinetic energy of the crash, one can calculate the required
absorption energy and next, while selecting the sandwich structure, assume the
appropriate wall thickness of an element used as a core in the shape of a tube,
a truncated cone, a sphere or a waved shell.
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Fic. 9. Dependence of AE on the element wall’s thickness.

The dependence of the AE on the element’s thickness is very significant
and clearly visible in the energy absorption tests. The composite’s thickness
influences the bending stiffness and failure of composite elements, which is clearly
visible from the slope of the force-displacement curve in the first stage. A larger
thickness results in a larger moment of inertia and a larger bending stiffness (EI),
which in turn causes an increase of the bending resistance of the element and
in the force necessary to reach the required failure deformation. Along with the
increase of thickness, the composite layers become more stiff and they require
higher deformation and failure forces.

The bending stiffness (EI), and in particular the specimen’s thickness, affects
the composite’s AE, because the moment of inertia of the cross-section depends
on the third power of the stiffness (I = wt3/12). The bending stiffness depends,
of course, on the Young’s modulus E, which in turn depends on the type and
structure of the composite.

7. INFLUENCE OF THE LAYER’S THICKNESS
IN THE COMPOSITE ON THE SAE

In order to study the influence of the layers’ thickness in the composite on
the SAE value, the results of tests shown in Tables 5 and 6 were used. The de-
pendence of the SAE on the ratio of the middle layer wall thickness t,, of the
composite in respect to the external one (t,,/t.), for carbon-epoxy and glass-
epoxy composites is given in Fig. 11. From this relation it follows that for the
glass-epoxy composite the maximum value of SAE occurs at t,,/t. ~ 3.0. How-
ever, in the case of the carbon-epoxy composite the SAE is independent of the
layer ratio (t,,/te).
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The obtained different relations for glass-epoxy and carbon-epoxy composites
result from the difference in adhesion of fibres to the epoxy resin, which in the
case of carbon fibres is larger than for the glass fibres. Moreover, the shear
resistance in the planes parallel to the fibres, for composites of the [0°],, structure,
for the carbon-epoxy composite is 20.6 MPa and for the glass epoxy one — only
8.8 MPa, which means that for the carbon-epoxy composites it is 2.3 times
higher. For t,, /t. = o0, i.e. for the carbon-epoxy composite of the [0°], structure,
the SAFE value is 76.2 kJ, which is approximately equal to the averaged SAE value
for ¢, /te = (1 —5).

The results of testing, averaged from several tests and included in Tables 5
and 6, are determined by characteristic quantities, denoting as follows (see
Fig. 10):

Ppax — maximum crush failure force, i.e. the first peak on the P — Al curve,
which demonstrates the failure initiation;
AE — absorbed energy, equivalent to the area under the P — Al curve;
P, — average crush failure force (Pag = AE/Alnax);
SAE — specific absorbed energy SAE = AE/m,, where m, is the mass of the
destroyed part of the specimen;

— cone vertex half-angle;

— wall thickness;

; — internal diameter (for a cone — the major diameter or the base diameter);

— thickness of the internal layer;

m  — thickness of the middle layer;

— thickness of the external layer;

— height of the specimen;

— weight content of fibres in the composite;
— mass of the specimen;

— force uniformity index (Payvg/Pmax)-

ms@w@

2 3w o>

|~
/ I | N | Crush
| N/ initiator
i N _
i 4
it \ \
h : = N . h
T\ \Z\I
- N N /
| IN N / /
! N N/
! :\ 2 4 .,! te
D, - , . 4tm D,

F1ac. 10. Shapes of specimens used in tests.
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Fic. 11. Influence of the composite layers’ thickness on the SAE.

8. INFLUENCE OF THE ENERGY-ABSORBING STRUCTURES’ ELEMENTS
ON THE SAE (FOR SELECTED STRUCTURES)

It follows from the data presented in Table 7 that the highest SAE value is
exhibited by the energy absorbing elements in the shape of a tube with a ring
cross-section; next come truncated cones, plane shells and waved shells; the low-
est SAE is revealed by spheres. The lowest value of SAE for the element in the
shape of a sphere is caused by its specific failure mode. During failure, neither
brittle fragmentation of the element’s wall occurs nor the fibres’ cracking takes
place. Instead, the sphere’s wall is bent into inside with permanent deformation,
which is presented in Fig. 12.

Fic. 12. Cross-section of the destroyed sphere shows delamination of the plays.

It should be underlined that the influence of the shape of an energy-absorbing
structure element is important not only from the point of view of the SAE value,
but also because of the dependence of the acceleration during impact. In order
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Table 7. Comparison of SAE for different shapes of the energy-absorbing

elements.
Composite Structure Plane Tube Truncated | Waved | Spherical
type element cone shell shell
55.3 (5°)
G/E mat 40.8 63.5 14.8 (20°) 38.9 11.8
51.1 (5°)
G/E [(0/90)r]s 41.3 44.2 35.8 (20°) 39.5 24.3
56.5 (5°)
G/E [(£45)7]n 47.8 53.4 38.3 (20°) 30
61.2 (5°)
G/E [(0/90)7/02]s 44.1 64.2 36.8 (20°)
C/E [0] 62.4 72.8 - - -
C/E [£15/02]s 62.0 71.3 - - -
C/E [£30/02]s 58.0 62.1 - - -
C/E [£45/02]s 65.1 58.4 - - -
69.9 (5°)
C/E [(0/90)r/0]s 67.7 75.1 431 (20°) 72.1 -
A/E [£45/02]s 62.0 57.9 - -
A/E [(0/90)7/0]s 52.6 68.9 - - 13.6
G/VE [0]~ 42.8 42.8 - - -
G/VE [(£45) 7] 52.1 57.9 - - -
63.1 (5°) 3 B
G/VE [(0/90)7/0]s 49.8 72.9 38.9 (20°)
C/VE [0]n 69.6 64.9 - - -
C/VE [(0/90) 7]~ 70.7 75.7 - - -
C/VE [£45]. 56.8 64.7 - - -
G/PEEK mat 58.5 76.2 - - -
G/PEEK [(0/90)7]n 71.2 82.5

to determine the influence of the specimen’s shape on the acceleration course at
impact, we shall analyse the P — Al dependence obtained from tests for tubes,
truncated cones, waved shells and spheres — Fig. 13.

On the grounds of the above results for the P — Al dependence, for spec-
imens of the same thickness we conclude that the largest change of the crush
failure force during loading and — consequently — a large SAE is exhibited by the
energy-absorbing elements in the shape of tubes and corrugated shells, whereas
a lower SAE was revealed by truncated cones and the lowest one — by spheres.
Analogically to the load change, the maximum peaks of acceleration will occur
during impact.
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. 13. P — Al dependence for a tube, a truncated cone, a waved shell and a sphere made
of epoxy composite reinforced with a glass mat.

9. SUMMARY

. Exhaustive results of investigation presented in this paper and prelimi-
nary calculations included in its first part enable us to design an energy-
absorbing structure with a programmed value of absorption energy of
a given equipment under axial loading.

. From all the analysed materials for energy-absorbing structures, the poly-
mer composites are the most expensive, which was shown in Table 1, but
a relatively cheap epoxy composite reinforced with a glass mat revealed in
testing a relatively high AE with respect to its density.

. The influence of the matrix type (resin) in a composite on the SAE is
considerable. A large part in the ability of energy absorption is due to
the mechanical properties of the matrices, in particular — their crack resis-
tance. Brittle matrices, such as epoxy ones, reveal a lower ability of energy
absorption, whereas the composites with a polyetherketone matrix proved
to have the highest SAE.

. The influence of the reinforcement type on the SAE is the following: carbon
fibres have the highest SAE, whereas the aramid ones — the lowest. The
carbon fibres have highest compressive and shearing strength, whereas for
the aramid ones both strengths are low.

On the basis of various structures testing, one can conclude that the
energy-absorbing structure should contain stiff and resistant middle layers,
whereas the external ones should carry well the transversal stresses (cir-
cumferential in the case of a pipe). The influence of fibres orientation in an
energy-absorbing element is the same on the bending and shear strength.
The highest SAE was obtained for the [(0/90)7/0,,/(0/90)7]| structure with
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the external layers made of fabric and the internal one — of continuous fibres
aligned parallel to the compressive force.

6. The influence of the wall thickness of an energy-absorbing element on the
SAE was presented in Fig. 7. Along with the increase of wall’s thickness, the
SAE increases because the bending strength of the wall grows also and it is
the layers’ bending that prevails in the failure process. Also, the influence
of the layers’ thickness in the composite on the SAE was considered. It was
found that the ratio of the middle layer thickness to that of the external
layers for the carbon fibre-reinforced composite is small.
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ANALYSIS OF ELASTIC PROPERTIES OF THIN-WALLED
STRUCTURES DESIGNED BY SADSF METHOD

I. Markiewicz

Kielce University of Technology
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The paper presents the results of analyses of elastic properties of thin-walled structures
designed by means of the SADSF method, carried out in order to confirm its practical use-
fulness. The SADSF method makes it possible — without applying any iterative correction
procedures — to effectively solve the problems of design of such structures. The method can be
applied in cases when only boundary conditions are given. The obtained solutions are free of
the structural errors which can significantly deteriorate load carrying ability of structures of
this class.

Key words: design, thin-walled structures, limit analysis, FEM analyses.

1. INTRODUCTION

The results of analyses presented in this paper are a part of an extensive
program aimed at investigating actual properties of thin-walled constructions,
whose structure, e.g. the number of component elements, their spatial allocation
and the system of mutual connections, as well as the initial shape and dimensions
of the elements, are determined by using the method of statically admissible
discontinuous stress fields, SADSF [1, 9, 11].

In this paper, the author concentrates on three examples of structures, which
were designed by W. BODASZEWSKI with application of its own, original soft-
ware |1, 2]. These are:

e bent box section with corners (Fig. 1a);

e constructional joint created in the area of connection between two bent
sections, of box and double-tee types, whose axes coincide in one straight
line (Fig. 1b);

e constructional joint created in the area of connection between a box section
subjected to torsion, and a twin-tee section subjected to bending (Fig. 1c).

The FEM analyses must be carried out because the SADSF method does not

concern the elastic range, which is usually the range of exploitation load of the
structure. One considers only the limit state of the structure, which pertains to
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Fic. 1. Contours of statically-admissible stress fields determining shapes and dimensions
of models of structures analyzed in this work ([1,2]).

the beginning of its collapse. It is also assumed that the collapse arises in the
form of plastic flow, in which plane state of stress still exists in each component
element. In the method, one uses a rigid-plastic model of the material, and the
statically admissible stress fields which satisfy only equilibrium conditions and
do not exceed the assumed yield condition at any point.

Despite these limiting assumptions, the structures designed by the SADSF
method have several positive properties, which have been confirmed by numerical
and experimental investigations. It has been confirmed, among other things, that
membrane states of stress dominate in the elastic range, stress concentration is
low, and material effort is well equalized in the whole volume of the structure —
or at least along its free boundaries [1, 3, 4, 7, 8]. Such properties are difficult
to obtain by traditional methods, which are based on designer’s experience and
intuition. On the other hand, one must be particularly careful when applying
advanced methods based on consecutive iterative corrections to this class of
structures. Generally speaking, de Saint Venant’s principle does not apply to
these cases, so that even small changes of constructional details may result in
radical changes of load-carrying ability [1, 2, 8].

The fundamental advantage of systems designed by the SADSF method is
that their structures are correctly selected to match the assumed loads. It means
that it is possible to transmit the whole assumed load only through membrane
forces. The errors made when selecting the structure can not be eliminated by
changing dimensions of its elements. FEM analyses can only confirm inferior
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quality of the preliminarily designed structure, but they can not hint at any
direction of possible improvement |1, §].

The SADSF method can be applied already at the very beginning of the
design process, when only boundary conditions are known |1, 2]. The task of the
designer is reduced to selecting ready-made particular solutions from the library
of the application version of the method’s software [1, 2, 5, 12| and connecting
them — like the Lego blocks — to form the structure. At the same time, one must
keep the assumed boundary conditions and the conditions of equilibrium at the
joined edges.

2. CALCULATIONAL MODELS

The analyses were carried out by means of the finite element method (FEM)
using the system CosmosM. In the analyses, one assumes:

e linearly-elastic physical model of material and small strains;

e triangular shell elements of 3 nodes and 6 degrees of freedom in a node
type SHELL3;

e average size of finite elements equal to 2—-3 thicknesses of the element;

e loads equal to a half of the limit load value assumed in the design; distri-
butions of loads consistent with the beam formulae used in the mechanics
of materials for elastic range.

Additionally, one assumes:

e yield point of o) = 300 MPa for determining the limit load value; it means
that, if one could obtain an ideal level of effort, the intensity of equivalent
stress would be 0oq = 150 MPa at each point of the analysed structure;

e shape and dimensions of the analysed models nearly the same as those of
the contours obtained from the solutions to design problems; small cor-
rections of external contours introduced only in the vicinity of corners by
rounding them with arches drawn outside of external boundaries. Within
the inner contours, the inscribed circular holes are tangent to their bound-
aries (the problem of boundary corrections was not undertaken).

The analyses carried out in this work have an approximate character. Due

to the fact that one operates on a shell model, local three-dimensional states in
the vicinity of common borders between component elements are not analysed.

3. GENERAL RESULTS OF ANALYSES

In order to facilitate reviewing the obtained results, we first formulate a list of
results which, because of their repeatability, seem to lead to general conclusions.
Then, in all of the analysed cases one can find:
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1. Domination of membrane states; the values of effort related to the bending
state are small.

2. Relatively low concentrations of stress, and similar levels of maximal effort
in all component elements.

3. Almost ideally-equalised fields of effort in torsion sections (Fig. 1c). In
sections subjected to bending, well-equalised state of effort was found only
in flanges, because of the existence of harmful states in these sections,
characteristic for the bending axis.

The results obtained for all structure models are illustrated in the same way
by the graphs. First, one presents the shape of analysed model with the assumed
boundary conditions, then the distributions of equivalent stresses, in the Huber-
Mises sense, to the component states of membrane and bending type.

4. DETAILED RESULTS

4.1. Bent boz-type section with corners

Because the structure is symmetrical, and so is the field of internal forces in
it, we analysed only a half of the structure (Fig. 2a). On the symmetry plane
G-, we assumed appropriate boundary conditions, additionally introducing dis-
placements that prevented the possibility of rigid motion. The load of bending
moment was applied in the cross-section a-a consistently with the beam-type
distribution used in mechanics of materials.

The distributions of stresses obtained for the component states, of membrane
and bending type, are shown in Figs. 2b—d. By inspection of these distributions,
one can see:

e In the membrane state (Figs. 2b,c):

— formation of harmful states associated with the axis of elastic bending;

— relatively good equalisation of effort in large areas of the flanges, and
very similar levels of effort at the places of maximal effort;

— low stress concentrations (maximal equivalent stress 215.5 Pa is not
much greater than that which would exist when uniform effort was
obtained in the whole volume of the structure, i.e. 150 MPa).

e In the bending state (Fig. 2d):

— well-equalised effort field of very low value, which only locally reaches
7.75% of effort values associated with membrane state (16.7/215.5) —
the maximal equivalent stress of 106.1 MPa appearing in the corner
of the loaded boundary is not taken into account, because it results
from the assumed boundary conditions.
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Fic. 2. Shape of a symmetric half of the analysed structure along with the assumed
boundary conditions and obtained distributions of equivalent stresses.

Using the SADSF method, we obtain both the structure of the system, and
shapes and dimensions of its component elements. What would happen, if one
changed the structure designed by the SADSF method by removing one of its
elements? Let this element be the diaphragm, for which an additional view of
membrane stress distribution is shown in Fig. 2c. Inserting it into the structure
(welding it in) is difficult; on the other hand, stresses in the diaphragm seem to
be relatively low.

Distributions of equivalent stresses obtained for such a case are shown in
Fig. 3. As it can be seen, the mentioned change in the structure caused almost
a threefold increase of local equivalent stresses in membrane state (628/215.5),
and over fifteenfold increase of it in bending state (260.2/16.7).

Despite the fact that such a dramatic increase of maximal stress concentra-
tions was obtained, the changed structure still has the ability of transmitting the
assumed load in membrane state (the structure remains a proper one). If such
a possibility would not exist, the deterioration of load-carrying ability would
have been even worse, and would affect the whole structure [1, §|.
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_' / membrane state

Fia. 3. Results of FEM analysis obtained for structural model with removed diaphragm.

4.2. Joint connecting bent sections of twin-tee and box types

The shapes of the analysed structure model, together with the assumed
boundary conditions, are shown in Fig. 4a. Similarly as it was in the previ-

Von Miscs
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l 355
Ly .
25.4 [MPa]

20.3

bending state

Fic. 4. Shapes and assumed boundary conditions of the analysed structure model as well as
obtained distributions of equivalent stresses.
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ous example, the load by a bending moment introduced in the cross-section a-a
had a distribution consistent with beam-type distributions. The nodes lying in
the cross-section (-3 were deprived of the possibility of moving in the direction
of the x axis. Additionally, one assumed displacements preventing the possibility
of rigid motion.

Based on the results obtained in membrane state (Fig. 4b) one can conclude
that, among other things:

e there appear harmful states associated with the axis of elastic bending;

e the level of effort is well equalised in the flanges of the structure;

e there appear low concentrations of stress locally, in the central part of
flanges, where o.q = 220.6 MPa.
The effort associated with bending state (Fig. 4c) is small, and maximal
value of effort in this state reaches barely 14.5% of the values associated with
membrane state (31.9/220.6).

4.8. Joint connecting torsional boz-type section with bent section
of twin-tee type

The boundary conditions and shapes of the structure model are well illus-
trated in Fig. 5a. The load by torsional moment was introduced in the plane a-«
by means of shear forces of constant values around the whole circumference of

Ux,Uz=0

B-p

:.,'i ~Uy=0

Ux=0

b) <)
G =283.9
i " - Vi Mises Von Miges

R 2839 826

e ':43.‘ |5.|3

2131 470
177.7 [MPa] 39,1 [MPa

§ 1423 313

Cu=252

Go=213

membrane state bending state

Fic. 5. Boundary conditions, shapes of the analysed structure model and obtained
distributions of equivalent stresses.
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the cross-section. The nodes lying in the cross-section (-3 were deprived of the
possibility of moving in the direction of the y axis. Additionally, one assumed
displacements preventing the possibility of rigid motion.

In this case, one can conclude that in membrane state (Fig. 5b):

e the level of effort is ideally equalised in the torsional box section where
pure shear load in the statically admissible stress field is assumed;

e the states characteristic for the bending axis are formed in the bent twin-
tee section; equalisation of effort in the flanges of this section is good;

e local concentrations of stress in the vertices and corners of the structure
are relatively low.

The effort asociated with bending state (Fig. 5c¢) reaches barely 10% of the
values associated with membrane state (26/283.9).

5. CONCLUSIONS

In this study, the author presented a small fragment of FEM analyses car-
ried out by him on thin-walled structures designed with the use of the SADSF
method. In all cases — similarly as in the cases presented in this paper — one ob-
tained good, and sometimes even very good load-carrying properties: domination
of membrane states, low concentrations of stress and good equalization of elastic
effort. Similar conclusions, based on investigations on elastic range pertaining
to other cases of structure design, can be found in the whole literature of the
subject [1, 3-12].

The results obtained so far allow us to confirm great practical usefulness of
the SADSF method in designing thin-walled structures. The quality of stress
fields realized in the systems designed in this way is absolutely incomparable to
that obtained by using traditional methods.

Taking into account low level of bending forces, confirmed by the investi-
gations, one can hardly expect large bending deformations in the exploitation
range of load. However, in some fragments of certain structures, characterized by
high slenderness ratio, the loss of stability at higher loads might be possible. The
probability of maintaining the membrane state of stress up to the moment when
limit load capacity is reached, as it is assumed in the SADSF method, seems to
be low. However, as it results from investigations on other systems designed by
this method, the assumed limit load capacity will most probably be obtained
anyway |1, 4, §].

The level of quality of preliminary designs of structures made by the SADSF
method is good, so that these are worthy of expenses for further numerical analy-
ses. In the cases of thin-walled structures, these systems are, first of all, free of
structural errors, to which this class of structures is particularly sensitive, and
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the existence of which can deteriorate — even several dozens times — load carry-
ing properties and global strength of the structure [1, 8]. The SADSF method
eliminates such errors automatically. In contrast, the FEM makes it possible to
notice such errors only after carrying out complete calculations, and even then it
can not provide adequate hints of how to introduce the necessary corrections [1].

10.

11.

12.
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In this paper the free vibrations frequencies of tapered Euler-Bernoulli beams are calcu-
lated, in the presence of an arbitrary number of rotationally and/or axially, elastically flexible
constraints. The dynamic analysis is performed by means of the so-called cell discretization
method (CDM), according to which the beam is reduced to a set of rigid bars, linked together
by elastic sections, where the bending stiffness and the distributed mass of the bars is concen-
trated. The resulting stiffness matrix and mass matrix are easily deduced, and the generalized
symmetric eingenvalue problem can be immediately solved. Various numerical comparisons
allow us to show the potentialities of the proposed approach.

Key words: free vibrations, tapered beam, elastically restrained, CDM.

1. INTRODUCTION

The dynamic analysis of beams with continuously varying cross-section is
a classical structural problem, which nowadays is becoming more and more im-
portant, even in mechanical engineering and in aeronautic engineering.

Numerous authors have approached the analysis assuming that the beam
is sufficiently slender to be considered as an Euler-Bernoulli beam, and trying
to analytically solve the resulting fourth-order differential equation with vari-
able coefficients. Among the others, CRAVER and JAMPALA [1]| examine the free
vibration frequencies of a cantilever beam with variable cross-section and con-
straining springs; DE ROSA and AUCIELLO [2] give the exact free frequencies
of a beam with linearly varying cross-section, in the presence of generic non-
classically boundary conditions, so that all the usual boundary conditions can be
treated as particular cases; DATTA and SILL [3] give the general solution in terms
of Bessel functions, and the first eingevalue for a beam with constant width and
linearly varying height is found. In 1995 ABRATE [4] solved the differential equa-
tion for various taper laws, and also performed a numerical comparison with the
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Rayleigh—Ritz approach. GROsSI et al. [5] employed both the classical Rayleigh—
Ritz method and the optimized Rayleigh—Schmidt method to find the frequencies
of beams with constant width and varying height, and also of beams with vary-
ing width and varying height. A lot of numerical results were given, for various
non-classical boundary conditions. MoOU et al. [6] employed the exact dynamic
stiffness matrix (EDSM) to find the frequencies of circular and elliptic tapered
beams, and of beams defined by a linear-tapered section, a uniform section and
a non-linearly varying section. All the results are compared with a classical finite
element analysis. The Rayleigh-Ritz approach is used by ZHOU and CHEUNG |7]
to find the first free vibration frequencies of three different tapered beams with
various boundary conditions and truncation factors. Finally, free vibrations of
Euler-Bernoulli beams of bilinearly varying thickness are studied in [8] using:
a) the optimized Rayleigh—Ritz method, b) the differential quadrature technique
and c) the finite element approach.

Tapered beams with more complex geometry and non-classical boundary
conditions were studied by AUCIELLO et al. in [9-10]; the beam is divided into
two segments, and each segment has a different tapering law. The exact solutions
are obtained in both the above-mentioned papers, solving the corresponding
boundary value problem.

In [11-14] the dynamic stability problem of a non-prismatic beam is solved
using the Chebyshev series approximation: the method is used to solve the prob-
lem of vibration for a Euler—Bernoulli and Timoshenko beams.

In this paper a numerical approach is adopted, to find the free vibration
frequencies of Euler-Bernoulli multi-span beams with arbitrarily varying cross-
sections, in the presence of elastically flexible supports. The analysis is performed
reducing the beam to a set of rigid bars linked together by means of elastic sec-
tions (elastic cells), in which the stiffness and the mass of the beam is properly
concentrated. In this way, the structure is reduced to a system with finite num-
ber of degrees of freedom, and the global stiffness matrix and the global mass
matrix can be easily calculated. Obviously, the method can be dated back to
the first manual attempts to solve the vibration problem [15-16 e.g.|, but in
this paper its feasibility to be computerized is clearly shown, using the powerful
symbolic software Mathematica [17], and various numerical comparisons show
the method’s usefulness.

2. FORMULATION OF THE PROBLEM

Let us consider the beam in Fig. 1, with span L, Young modulus £ and mass
density p, resting on elastically flexible constraints at the ends, with rotational
stiffness kry, at left and krp at rigth, and axial stiffness kpy at left and krg at
rigth, respectively.
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Fi1c. 1. Structural system.

Moreover, let us suppose that both the moment of inertia I(z) and the cross-
sectional area A(z) vary with the abscissa z. As already said, the beam is reduced
to a set of ¢ rigid bars with length [;, connected by n = t 4+ 1 elastic cells.
Whereas the possibility to adopt different lengths for each bar is invaluable in
order to simulate rapidly varying geometries, nevertheless in the following we
shall adopt the simplest choice, for which, I; = [, ¢ = 1,...t. Moreover, the
moment of inertia I(z) and the cross-sectional area A(z) will be evaluated at
the cells abscissae, obtaining the concentrated stiffness k; = EI(z)/l and the
concentrated masses m; = pA(z)l. Both these quantities can be organized into
the so-called unassembled stiffness matrix k = diag{k;}, ¢ = 1,...n and the
unassembled mass matrix M = diag{m;}, i = 1,...n.

In this way, the structures is reduced to a classical holonomic system, with
n degrees of freedom. The n vertical displacements v; at the cells abscissae
can be assumed as Lagrangian coordinates, and they will be organized into the
n-dimensional vector v; equivantely, the vector v can be viewed as a (nx1)-di-
mensional matrix. The n — 1 rotations of the rigid bars can be calculated as
a function of the Lagrangian coordinates as follows:
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(2.1) b; = w

or, in matrix form: ¢ = Vv and V is a rectangular transfer matrix with n — 1
rows and n columns.
The relative rotations between the two faces of the elastic cells are given by:

(2.2) Y1 = ¢, Vi = ¢j — Pi1, Y = —Pn_1,

or in matrix form 1) = A¢, and A is another rectangular transfer matrix with n
rows and n — 1 columns.
The bending strain energy L. is concentrated at the cells, and is given by:

(2.3) Z ki F = qu,

In order to obtain a quadratic form of the Lagrangian coordinates it is nec-
essary to use Egs. (2.1)—(2.2):

(2.4) ﬂkalp = q)TATk Ap = 1 T(VATKAV) v
or else:
(2.5) L.= %VTKV,

where K is the assembled stiffness matrix.
The kinetic energy can be simply expressed as:

(2.6) T = ; vIMyv.
The strain energy of the axially flexible constraints at the ends is given by:
(2.7) Lrp = %kTLU%a Lrr = %kRvam
so that the assembled stiffness matrix must be modified as follows:
(2.8) K[1,1] = K[1,1] + krr, Kn,n] = K[n,n] + krg.

The presence of axially flexible intermediate supports can be similarly dealt
with. If the constraint is placed at the abscissa z;, = z; + I, and if its axial
stiffness is given by k7, its vertical displacement is given by (cf. Fig. 2):

(2.9) Vp = Vi + @lh
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Fi1G. 2. Intermediate axially and rotationally flexible supports.

and its strain energy is equal to:
1 2

The rotational stiffnesses of the constraints can be taken into account by
summing up the corresponding flexibilities with the flexibilities of the rigid bars.
For example, for the end constraints we have:

K [17 1] krL

(2.11) KL=y Kl

_ K[n,n]kgrr
N k‘RR—I—K[TL,n]'

The equation of motion can be written as:
(2.12) Mv + Kv = 0.

The resulting generalized symmetric eingevalue problem can be easily solved,
and the frequencies w? can be obtained, together with the corresponding vibra-
tion modes.

3. NUMERICAL COMPARISONS

In order to show the method’s potentialities, several numerical examples will
be examined, using a general code developed in Mathematica [17]. In this paper
we are not particularly interested in the convergence properties of the solutions,



50 M. A. DE ROSA, M. LIPPIELLO

therefore all the examples will be performed by using a large number of cells, i.e.
n = 300.

1. As a first numerical comparison, let us consider a tapered Euler-Bernoulli
beam with cross-sectional area and moment of inertia given by the following
laws:

z 2 z 4
B AR =A(@-DF+1) =)=l (l@-DF+1)
hy by .
where o = = and Ag and Iy are the cross-sectional area and the moment
0 0

of inertia of the section at left.
The beam is constrained at both ends with elastically flexible constraints,
defined by the following non-dimensional quantities:

krrL krrL krpL? krrL?
3.2 R - = T = T = .
(3.2) "R S ) A ) 2T FEIL

This structure has been already solved in [2]| using an exact approach, and

: . . pAow?L* .
the first five non-dimensional frequencies p; = —pp e reported in
0

Table 1. With this discretization level, the discrepancies are negligible.

Table 1. Numerical comparison between the first five non-dimensional frequency
coefficients p; for 71 =T> — 0o, @ = 2.

Ry | Re p1 P2 P3 j2 Ds
0 0 3.7300 7.6302 11.4217 15.2083 18.9954
3.7300 7.6301 11.4212 15.2072 18.9932
0 0.01 3.7345 7.6317 11.4226 15.2089 18.9959
3.7345 7.6316 11.4221 15.2078 18.9937
0 01 3.7737 7.6447 11.4306 15.2147 19.0004
3.7737 7.6446 11.4301 15.2136 19.9982
0 1 4.0635 7.7619 11.5054 15.2695 19.0436
4.0635 7.7618 11.5049 15.2684 19.0114
0 10 4.7549 8.2846 11.9277 15.6221 19.3456
4.7549 8.2845 11.9272 15.6209 19.3432
1 0 3.7984 7.6803 11.4604 15.2397 19.0218
3.7984 7.6802 11.4600 15.2386 19.0195
1 01 3.8409 7.6946 11.4693 15.2461 19.0267
3.8409 7.6945 11.4688 15.2450 19.0245
1 1 3.1249 7.8105 11.5436 15.3007 19.0698
3.1249 7.8104 11.5431 15.2995 19.0676

2. The free vibration frequencies of cantilever tapered beams have been stud-
ied by ABRATE [4] using a Rayleigh—Ritz approach and an n-term approximation.
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AgL*
The non-dimensional frequencies §2; = w; pE(} are given in Table 2, for the
0
following variation law:
(3.3) 4_T_ 4y
. — == Qaz.
Ay Io

Table 2. First four non-dimensional frequency coefficients (2; for a« = 0 and

a=-1/2.
! N | Mode ABRATE [4] Hobces [19] | THOMSON [18] CDM
0 10 1 3.5160152 - 3.5160 3.5160
1 4.3151703 4.3151703 - 4.3151575
2 23.519257 - - 23.518686
—-1/2 | 10
3 63.199197 - - 63.195723
4 122.43963 - - 122.42584

In the same table, the exact values for a constant beam are reported from
1
THOMSON |[18], as well as the particular case a = —5 which was studied by

HoDGES [19] using a finite element transfer matrix approach.
The non-dimensional frequencies (2; are given in Table 3, for the following
quadratic variation law:

A I
4 —=—=1 2
(3 ) A(] IO +Z+Z7

the Rayleigh—Ritz results have been obtained using 20 trial functions, and the
results show some discrepancies within the sixth decimal place.

Table 3. As in Table 2, but A/Ay =I/Ip =1+ z + 2°.

Mode ABRATE [4] Hobces [19] CDM
1 2.4707858401571 | 2.4707858401571 2.4707660120
2 19.844681725047 - 19.844038124
3 59.7740637 - 59.770332125
4 119.040848 - 119.02840258

3. A numerical comparison is illustrated in Table 4, between the results given
by our approach and the results given by GROSSI et al. [5], using a classical
Rayleigh—Ritz method and a more sophisticated Rayleigh—Schmidt procedure.
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Table 4. Numerical comparison between the results in [5] and CDM.

vV
R ba/bi=1 | ba/b=5 ba/bi=1 | ba/bi=5
75 = 0.00 T, =0.10
- - 0.32193 0.30080
0.0 - - 0.32172 0.30049
- - 0.32172 0.30046
0.90219 1.00180 0.90603 1.00401
0.1 0.90200 1.00150 0.90574 1.00361
0.90197 1.00145 0.90570 1.00355
1.95338 2.15046 1.95429 2.15123
10 1.94044 2.13050 1.94110 2.13095
1.93828 2.12654 1.93890 2.12696
2.05048 2.25019 2.05136 2.25095
100 2.03481 2.22614 2.03544 2.2269
2.03200 2.22101 2.03259 2.22141
2.06219 2.26179 2.06306 2.26254
~ 2.04655 2.23784 2.04718 2.23828
2.04367 2.23258 2.04427 2.23209
Ty = 10 T = o
1.06415 1.02179 2.36301 2.34082
0.0 1.01514 0.95216 2.32154 2.27992
1.00992 0.94413 2.31286 2.26429
1.19009 1.21458 2.39812 2.38694
0.1 1.15137 1.16844 2.35653 2.32640
1.14723 1.16320 2.34785 2.31092
2.04639 2.23125 3.10163 3.21538
10 2.00323 2.17527 3.03750 3.12459
1.99724 2.16623 3.02511 3.10289
2.13995 2.32944 3.27145 3.39476
100 2.09525 2.27026 3.19917 3.29240
2.08847 2.25081 3.18515 3.26755
2.15052 2.33995 3.29341 3.41670
0 2.10664 2.28179 3.22144 3.31473
2.09989 2.27131 3.20739 3.28980
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The example refers to a tapered beam resting on elastically flexible ends with
axial stiffnesses T and T and rotational stiffnesses R; and Ro, respectively. The
cross-sectional area and the moment of inertia vary according to the following
laws:

(3.5) A(z) = b()h(z) = AL (1+ et ) (1+aT),
(3.6) 1) = PO g (102) (1+al),
ha bih3

are the area and the

b
Where01:——1,02:—2—1andA1:b1h1,11:
hy by
moment of inertia of the initial section.
pAw? L

£l is given in the

The first non-dimensional frequency v/ A; =

h
Table 4 for Ry = 0, T1 = oo, h—z = 0.25, and for various R values. The first v/\;

value has been obtained using:;l the Rayleigh—Ritz method, the second value is
obtained by the optimized Rayleigh—Schmidt method, and finally the last value
has been obtained using the CDM. As expected, our values are nearer to the
Rayleigh—Schmidt results.

4. The free vibration frequencies of tapered beams with circular or elliptic
cross-sections have been studied by Mou et al. [6], using the exact dynamic
stiffness matrix (EDSM). The variation laws of cross-sectional area and moment
of inertia are given by:

(3.7) A =0(3)", 1 =n0(3)",

where Ay and Iy are the area and the moment of inertia of the largest cross-
section, and m, n, are positive numbers.

Two particular cases are dealt with in some detail:

a) Circular cross-section with n =2p, m =4p and 0.1 < p < 1.

pAow?L*

El
Table 5 according to the EDSM, FEM and CDM, respectively, for a truncation
factor ¢ = 0.4.

b) Elliptic cross-section n = p; + p2, m = p; + 3p2, ¢ = 0.3 and p; =
0.3, 0.7, 0.1 < py < 1.

As in Table 5, three sets of results are reported in Table 6, and in both the
cases the CDM is nearer to the EDSM results than to the FEM results.

The first two non-dimensional frequencies \; = are given in
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Table 5. Numerical comparison between the results in [6] and CDM. Circular
cross-section.

c=04

EDSM FEM CDM

p 1st 2nd 1st 2nd 1st 2nd
0.1 | 3.19015 | 7.77380 | 3.21524 | 7.82701 | 3.19014 | 7.77367
0.2 | 3.25449 | 7.72284 | 3.27964 | 7.78458 | 3.25448 | 7.72272
0.3 | 3.31808 | 7.67068 | 3.34343 | 7.74074 | 3.31806 | 7.67056
0.4 | 3.38074 | 7.61739 | 3.40649 | 7.69554 | 3.38074 | 7.61727
0.5 | 3.44013 | 7.56198 | 3.46866 | 7.64903 | 3.44238 | 7.56291
0.6 | 3.50282 | 7.50765 | 3.52984 | 7.60125 | 3.50285 | 7.50755
0.7 | 3.56203 | 7.45133 | 3.58987 | 7.55227 | 3.56201 | 7.45123
0.8 | 3.61971 | 7.39411 | 3.64862 | 7.50211 | 3.61971 | 7.39402
0.9 | 3.67580 | 7.33606 | 3.70594 | 7.45084 | 3.67580 | 7.33597
1.0 | 3.73014 | 7.27722 | 3.76168 | 7.39850 | 3.73015 | 7.27714

Table 6. Numerical comparison between the results in [6] and CDM. Elliptic
cross-section.

EDSM FEM CDM

c p1 | p2 m n 1st 2nd 1st 2nd 1st 2nd
0.1 0.6 |04 | 284831 | 6.73501 | 2.86186 | 6.77346 | 2.84830 | 6.73490
0.2 10905287311 | 6.64825 | 2.88832 | 6.69790 | 2.87308 | 6.64810
0.3 1.2 ]0.6|2.89672 | 6.56054 | 2.91376 | 6.62116 | 2.89672 | 6.56040
0.4 | 1.5]0.7 291913 | 6.47194 | 2.93813 | 6.54326 | 2.91913 | 6.47182
0.5 | 1.8 | 0.8 | 2.94029 | 6.38252 | 3.96133 | 6.46426 | 2.94023 | 6.38239
0.6 | 2.1 | 0.9 | 2.95981 | 6.29231 | 2.98329 | 6.38421 | 2.95995 | 6.29220
0.7 12410297812 | 6.20140 | 3.00393 | 6.30315 | 2.97819 | 6.20129
0.8 | 2.7 | 1.1 | 2.99487 | 6.10984 | 3.023315 | 6.22114 | 2.99487 | 6.10973
0.9 | 3.0 1.2 3.00852 | 6.01735 | 3.04087 | 6.13824 | 3.00990 | 6.01761
0.3 1.0 | 3.3 | 1.3 | 3.02317 | 5.92507 | 3.05699 | 6.05451 | 3.02317 | 6.92498
0.1 | 1.0 | 0.8 | 3.04548 | 6.90106 | 3.04583 | 6.91263 | 3.04541 | 6.88970
0.2 | 1.3 0.9 3.06963 | 6.80113 | 3.07191 | 6.83524 | 3.06957 | 6.80099
0.3 1.6 | 1.0 | 3.09245 | 6.71148 | 3.09686 | 6.75666 | 3.09246 | 6.71135
0.4 1.9 1.1]3.11389 | 6.62094 | 3.12061 | 6.67692 | 3.11399 | 6.62082
0.5 (22 1.2]3.13410 | 6.52956 | 3.14308 | 6.59607 | 3.13410 | 6.52945
0.6 | 2.5 | 1.3 | 3.15268 | 6.43741 | 3.16418 | 6.51415 | 3.15268 | 6.43730
0.7 | 2.8 | 1.4 | 3.16966 | 6.34453 | 3.18383 | 6.43122 | 3.16966 | 6.34443
0.8 3.1]15] 3.1894 | 6.25100 | 3.20193 | 6.34732 | 3.18495 | 6.25091
0.9 |34 1.6]3.19843 | 6.15689 | 3.21839 | 6.26251 | 3.19844 | 6.15680
1.0 | 3.7 | 1.7 | 3.21003 | 6.06266 | 3.23311 | 6.17686 | 3.21004 | 6.06217

0.3

0.7
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5. The same structure has been studied by ZHOU et al. [7]| for the par-
ticular case n = 2 and m = 4. The non-dimensional frequency coeflicients
2; = 1/pA0wi2L4 /E1y are given for various values of the truncation factor «,
see Table 7, as obtained by the following five approaches:

a) Orthogonally generated polynomials as trial functions in the Rayleigh—Ritz
energy approach [7], and 8 terms.

b) Generated polynomials as trial functions in the Rayleigh-Ritz method [20].
c¢) Exact solution [21].
d) Frobenius method [22].
e) CDM.
Table 7. Numerical comparison between the results in [7] and CDM.
a Ref. (92} 2 23 2 25
(a) 6.1664 18.385 39.834 71.245 112.89
(b) 6.1964 18.386 39.837 71.288 113.33
0.2 (c) 6.1964 18.385 39.834 71.242 112.83
(d) 6.1914 18.386 39.834 - -
(e) 6.1964 18.385 39.834 71.235 112.81
(a) 4.6252 19.548 48.579 91.816 149.43
(c) 4.6252 19.548 48.579 91.813 149.39
0-5 () 46252 | 19.548 | 48579 - -
(e) 4.6252 19.548 48.577 91.806 149.37
(a) 3.8551 21.057 56.630 109.76 180.66
0.8 (c) 3.8551 21.057 56.630 109.76 180.61
(e) 3.8551 21.056 56.627 109.75 180.58

6. Let us consider now a set of assembled tapered beams, as given for example
by MoOU et al. [6]. The structure is given by a linearly tapered beam, an uniform
beam and a non-uniform tapered beams assembled together. The first three non-
dimensional frequencies are given in Table 8, and even in this case we observe
the excellent agreement with the EDSM results.

7. Another interesting case is examined by LAURA et al. in [8]. The structure
has rectangular cross-section and constant width. In the first span the height is
supposed to vary according to the following linear law:

(3.8) h(z) = ho (1 . a%) . 0<z<Ly,

whereas in the second midspan the height has a constant value, given by:

(3.9) h(z) = ho (1 - a%) , L <z<L.
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Table 8. Numerical comparison between the results in [6] and CDM.
Three-segment beam with a linear segment, a constant segment and non-linear
segment.

EDSM FEM CDM
P 1st 2nd 3rd 1st 2nd 3rd 1st 2nd 3rd

0.1]0.98852 | 2.37379 | 3.83817 | 0.89936 | 2.15550 | 3.52085 | 0.98851 | 2.37373 | 3.83795
0.2 | 1.01947 | 2.40456 | 3.84090 | 0.92184 | 2.18313 | 3.53005 | 1.01946 | 2.40450 | 3.84070
0.3 | 1.04900 | 2.43651 | 3.84342 | 0.94309 | 2.21167 | 3.53950 | 1.04899 | 2.43646 | 3.84323
0.4 | 1.07703 | 2.46952 | 3.84568 | 0.96310 | 2.24096 | 3.54919 | 1.07702 | 2.46948 | 3.84551
0.5 ] 1.10239 | 2.50353 | 3.84717 | 0.98185 | 2.27079 | 3.55908 | 1.10351 | 2.50338 | 3.84747
0.6 | 1.28844 | 2.53801 | 3.84915 | 0.99936 | 2.30097 | 3.56913 | 1.12843 | 2.53798 | 3.84902
0.7 | 1.15180 | 2.57311 | 3.85015 | 1.01566 | 2.33129 | 3.57925 | 1.15179 | 2.57309 | 3.86004
0.8 | 1.17364 | 2.60850 | 3.85045 | 1.03080 | 2.36155 | 3.58930 | 1.17364 | 2.60849 | 3.85040
0.9 | 1.19402 | 2.64396 | 3.85059 | 1.04484 | 2.39154 | 3.59912 | 1.19401 | 2.64395 | 3.85055
1.0 | 1.21300 | 2.67923 | 3.85084 | 1.05784 | 2.42108 | 3.60849 | 1.21299 | 2.67927 | 3.85080

The first three non-dimensional frequencies §2; are calculated as in the Exam-
ple 5, and Ag and Iy are the area and the moment of inertia of the initial section.
The simply supported beam and the clamped-clamped beam are examined in the
Tables 9-10, where the results obtained by the Differential Quadrature Method

Table 9. Numerical comparison between four different discretization methods,
for simply supported two-segment beam. The first three non-dimensional
frequencies are given for various values of o and v = L,/L.

a=0.1 a=02 a=0.3
Y Ql QQ .93 91 QQ 93 »Ql 92 QS
(1) | 9.629 | 38.56 | 86.84 | 9.387 | 37.64 | 84.86 | 9.145 | 36.72 | 82.87
o5 L@ 0T | - - | 9681 | - ~ | 9584 | - -
(3) | 9.627 | - ~ |o9388| - ~ 9143 | - -
(4) | 9.628 | 38.56 | 86.85 | 9.387 | 37.64 | 84.87 | 9.145 | 36.72 | 82.89
(1) | 9.447 | 37.99 | 85.42 | 9.018 | 36.49 | 81.00 | 8.583 | 34.97 | 78.54
05 L2973 | - - o517 | - ~ | 9404 | - -
(3) | 9.447 - - 9.037 - - 8.612 - -
(4) | 9446 | 37.99 | 85.43 | 9.018 | 36.49 | 82.01 | 8.583 | 34.97 | 78.55
(1) | 9.374 | 37.56 | 84.59 | 8.863 | 35.62 | 80.29 | 8.331 | 33.64 | 75.91
(2) | 9525 | - - | 9163 | - - | 83| - -
0.75
(3) | 9.382 - - 8.870 - - 8.338 - -
(4) | 9.374 | 37.56 | 84.60 | 8.862 | 35.62 | 80.20 | 8.331 | 33.64 | 75.92
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Table 10. Numerical comparison between four different discretization method,
for clamped-clamped two-segment beam. The first three non-dimensional
frequencies are given for various values of « and v = L,/L.

a=0.1 a=0.2 a=0.3
ol (ol 2 s (o0 2 (23 (o 22 23
(1) | 22.000 | 60.46 | 118.38 | 21.625 21.250
0.25 (2) | 22.059 - - 21.729 - - 21.383 - -
(3) | 22.005 - - 21.635 - - 21.266 - -
(4) | 22.000 | 60.46 | 118.42 | 21.625 | 59.25 | 115.92 | 21.250 | 58.04 | 113.41
(1) | 21.675 | 59.55 | 116.48 | 20.971 | 57.41 | 112.03 | 20.262 | 55.25 | 107.52
0.5 (2) | 21.979 - - 21.567 - - 21.134 - -
(3) | 21.681 - - 20.985 - - 20.287 - -
(4) | 21.675 | 59.56 | 116.50 | 20.971 | 57.42 | 112.04 | 20.261 | 55.25 | 107.54
(1) | 21.432 | 58.89 | 115.31 | 20.471 | 56.06 | 109.65 | 19.488 | 53.16 | 103.85
075 (2) | 21.507 - - 20.641 - - 19.778 - -
(3) | 21.435 - - 20.476 - - 19.497 - -
(4) | 21.432 | 58.90 | 115.35 | 20.471 | 56.06 | 109.68 | 19.488 | 53.17 | 103.88

(DQM), the optimized Rayleigh-Ritz method and the Finite Element Method
(FEM) are compared with the CDM results. Even in this case, our results give
an excellent lower bound.

8. A similar structure has been studied in [10], where the free vibration
frequencies of a two-beam structure on flexible supports are exactly calculated.
The first beam constant has a cross-section, the second beam is defined by the
following taper law:

(3.10) A(z) =A™, I(2)=Ln""2
with:
a—1

3.11 14+ ————2],
(310 | i)

. . hy  bo
and 3 is a multiplying factor of the span of the first beam, a = T 1

101

and Aq, I; are the cross-sectional area and the moment of inertia of the initial
section.
For a clamped-clamped beam, the first five free non-dimensional vibration
pAw? L

frequencies p; = —gy, e given in Tables 11-12 for various 4 and «
1

values, as obtained using an exact approach and our discretization method.
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Table 11. Numerical comparison between the results in [9] and CDM.
Two-segment beam =0 and (=0.2.

« 8=0 =02
b1 b2 b3 b4 ps D1 D2 b3 Pa Ps
1 4.73 7.8532(10.9956 | 14.1372 | 17.2788 - - - - -
4.73 7.8529(10.9949 | 14.1358 | 17.2764 - - - - -
195 5.0098 | 8.3172|11.6449|14.9718|18.2988 | 4.9828 | 8.2468|11.5303 | 14.8165 | 18.1036
5.0097| 8.3168|11.6442|14.9703 |18.2962 | 4.9827 | 8.2464|11.5290 | 14.8136 | 18.0985
1.43 5.1933| 8.621012.0699|15.5179 - - - - - -
5.1946 | 8.6230(12.0724 | 15.5206 - - - - - -
15 5.2636 | 8.7374|12.2325|15.7268 | 19.2213 | 5.2104 | 8.5986 | 12.0071 | 15.4214 | 18.8356
5.2634| 8.7370(12.2317|15.7253 |19.2186 | 5.2103 | 8.5982|12.0057 | 15.4183 | 18.8307
154 5.3007 | 8.7988|12.3184 |15.8373 - - - - - -
5.3021| 8.8009|12.3210|15.8401 - - - - - -
1.66 5.4215| 8.9985(12.5975|16.1958 - - - - - -
5.4152| 8.987912.5824|16.1759 - - - - - -
175 5.4976| 9.1242|12.7732|16.4215|20.0700 | 5.4186 | 8.9189|12.4404 |15.9700 | 19.4973
5.4975| 9.1239|12.7724]16.4198 | 20.1671 | 5.4185 | 8.9185|12.4390 | 15.9669 | 19.4924
9 5.7159| 9.4848|13.2769|17.0684 | 20.7145 | 5.6112| 9.1246 | 12.8398 |16.4741|20.1029
5.7157| 9.4844|13.2760|17.0666 | 20.8570 | 5.6111 | 9.2142|12.8384 | 16.4709 | 20.0982
9.95 5.9213| 9.8238|13.7502|17.6761 | 21.6024 | 5.7910| 9.4904|13.2118|16.9418 | 20.6627
5.9211| 9.8233|13.7492|17.6742|21.5992 | 5.7910| 9.4899|13.2103|16.9386 | 20.6581
95 6.1159]10.1447 | 14.1981 | 18.2512 | 22.3047 | 5.9601 | 9.7498 | 13.5609 | 17.3789 | 21.1841
6.1157)10.1412|14.1971 | 18.2492 | 22.3012 | 5.9600 | 9.7493 | 13.5594 | 17.3758 | 21.1796
975 6.3012|10.4501 | 14.6243 | 18.7983 | 22.9727 | 6.1199 | 9.9954 | 13.8907 | 17.7899 | 21.6727
6.3010|10.4496 | 14.6232 | 18.7961 | 22.3691 | 6.1199 | 9.9950 | 13.8891 | 17.7867 | 21.6683
3 6.4785(10.7421|15.0317|19.3211 | 23.6112 | 6.2719 | 10.2293 | 14.2038 | 18.1780 | 22.1329
6.4783110.7416 | 15.0305 | 19.3189 | 23.6074 | 6.2719 | 10.2288 | 14.2022 | 18.1749 | 22.1286
4 7.1242(11.8048 | 16.5134 | 21.2222|25.9321 | 6.8185 | 11.0756 | 15.3250 | 19.5488 | 23.7544
7.1240]11.8041|16.5119|21.2194 | 25.9275 | 6.8185 | 11.0751 | 15.3232 | 19.5459 | 23.7501
5 7.6947112.7427 | 17.8202 | 22.8984 | 27.9780 | 7.2960 | 11.8213 | 16.2894 | 20.7025 | 25.1251
7.6944 |12.7419 | 17.8183 | 22.8951 | 27.9724 | 7.2960 | 11.8206 | 16.2876 | 20.6999 | 25.1205
10 9.9421|16.4342 | 22.9582 | 29.4844 | 36.0136 | 9.2302 | 14.7957 | 19.7536 | 24.8107 | 30.1851
9.9412|16.4322 | 22.9544 | 29.4779 | 36.0034 | 9.2301 | 14.7949 | 19.7524 | 24.8078 | 30.1771
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Table 12. Numerical comparison between the results in [9] and CDM.
Two-segment beam ($=0.4 and $=0.6.

o 8=04 B8=038
b1 D2 b3 D4 Ds D1 b2 D3 D4 Ds
195 4.9557 | 8.1761 |11.4107 | 14.6498 | 17.9006 | 4.9355 | 8.1007 |11.3025 | 14.4934 | 17.7072
4.9556 | 8.1758 |11.4100 | 14.6481|17.8979|4.9354 | 8.1003 | 11.3017 | 14.4917 | 17.7042
15 5.1583 | 8.4647 |11.7714|15.0992 |18.4409 | 5.1286 | 8.3130 |11.5711|14.8030| 18.0716
5.1582| 8.4643 | 11.7707|15.0976 | 18.4383 | 5.1285 | 8.3126 | 11.5702 | 14.8013 | 18.0684
175 5.3450 | 8.7264 |12.0917|15.5022|18.9192 |5.3117| 8.5015 | 11.8086 | 15.0804 | 18.3887
5.3449 | 8.7261 |12.0910 | 15.5005 | 18.9166 | 5.3116 | 8.5011 |11.8077|15.0786 | 18.3854
9 5.5203 | 8.9661 |12.3812|15.8689|19.3490 | 5.4852 | 8.6737 |12.0202 | 15.3335|18.6705
5.5203 | 8.9657 |12.3804|15.8671|19.3464 | 5.4851 | 8.6733 |12.0192|15.3318|18.6671
9.95 5.6874 ] 9.1869 |12.6465|16.2057 | 19.7399 | 5.6491 | 8.8350 |12.2099 | 15.5672 | 18.9256
5.6873 | 9.1866 |12.6457 |16.2040 [ 19.7373 | 5.6490 | 8.8346 |12.2089 | 15.5654 | 18.9221
95 5.8481] 9.3913 | 12.8926|16.5173|20.0994 | 5.8032 | 8.9891 |12.3813|15.7842|19.1603
5.8480| 9.3910 | 12.8918|16.5155 |20.0968 | 5.8031 | 8.9886 |12.3803 |15.7823|19.1567
975 6.0040 | 9.5812 |12.1233|16.8069 | 20.4332 | 5.9473 | 9.1383 |12.5373 | 15.9862 | 19.3793
6.0039 | 9.5809 |12.1225|16.8052 | 20.4304 | 5.9472 | 9.1379 |12.5362|15.9843|19.3757
3 6.1559 | 9.7581 |13.3414|17.0773|20.7456 | 6.0814 | 9.2844 |12.6805 | 16.1745|19.5859
6.1558 | 9.7578 | 13.3405|17.0755 | 20.7428 | 6.0813 | 9.2839 |12.6793 | 16.1725|19.5822
4 6.7646 | 10.3592 | 14.1231 | 18.0024 | 21.8410 | 6.5221 | 9.8517 | 13.1664 | 16.8069 | 20.3242
6.7345|10.3589 | 14.1221 | 18.0007 | 21.8377 | 6.5219 | 9.8513 | 13.1650 | 16.8046 | 20.3230
5 7.2772110.8334 | 14.8061 | 18.7435 | 22.7672 | 6.8326 | 10.3908 | 13.5838 | 17.2834 | 20.9536
7.2771110.8331 | 14.8050 | 18.7417 | 22.7637 | 6.8323 | 10.3903 | 13.5824 | 17.2807 | 20.9495
10 9.4280(12.4761 | 17.2360 | 21.3717 | 25.8612 | 7.4616 | 12.0636 | 15.7599 | 22.7572 | 26.8834
9.4279112.4755|17.2349 | 21.3692 | 25.8572 | 7.4610 | 12.0623 | 15.7585 | 18.7567 | 22.7506

9. An interesting two-beams structure has been studied in [9], where the first
beam is defined by the following taper ratio:

A(z) = Ay [1 + Oélﬁ; 12] )
3.12 — n+2
(3:12) I(z)=1 [1+a1ﬁle] ,

0<2<0L,
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whereas for the second beam we have:

a1 —

m(z — L) + Oé1a2:| s

(3.13)
apog — aq

n+2
Li-p ¢ Y ”10‘2]

I(z)=1 [

and L < z < L.

The structure is supposed to be clamped at left, and resting on an elastically
flexible end at right.

The first three free non-dimensional frequencies p;, as in Table 11, are given
in Tables 13-14 for various 3, a and various materials. Even in this last case,
our results present an excellent lower bound.

10. The numerical example which is presented below was taken from Ref. [11]:
in this paper, the problem of vibration of beam with rectangular cross-section,
where the base is constant and the height is variable, was studied. In this case,
the variation laws of cross-sectional area and moment of inertia are given by

A(2) = Ao (%(a 1)+ 1) :
(3.14) ;
1(2) = I (%(a — 1)+ 1) ,

where Ag and Iy are the cross-sectional area and the moment of inertia of the
initial beam, respectively, and a = hy/h; = 0.5, where h; and hg are the initial
and final beam’s cross-section height, respectively.

By using the data of the numerical example, p. 461 of the paper [11], the
vibration frequencies are determined:

wj
(3.15) fi= o

In particular, in Table 15 the first seven vibration frequencies for a simply
supported beam (Example (a)) and the first five vibration frequencies for a can-
tilever beam (Example (b)) are reported.

The problem of vibration frequencies is solved using the presented method
and the Chebyshev series approximation: the obtained results show an excellent
agreement.

In Appendix 1 the numerical program, using “Mathematica” code, is reported.
The data refer to this particular case, as can be noted by the cross-sectional areas
and moment of inertia expressions which are identical to those of Formula (3.14).
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Table 13. Numerical comparison between the results in [10] and CDM.
Two-segment beam with the first constant segment and the second variable
segment. Wedge beam.

ar =az=1.5
B p1 P2 P3

2.960984 | 6.623893 | 10.653342
2.961004 | 6.623736 | 10.652826
2.955257 | 6.339284 | 10.116494
Single material 04 73055256 | 6.339196 | 10.116103
S o6 | 2831723 | 6.002049 | 0714487
2831713 | 6.092845 | 9.714025
2.610069 | 5.874837 | 9.440699
2.609593 | 5.874592 | 9.439987
3341329 | 7.266658 | 10.982127
3.341349 | 7.626415 | 10.981648
3.638804 | 6.379341 | 10.365182
Alum_inéum 04 73638802 | 6.379263 | 10.364734
L — 588889 0 | 3352323 | 6436236 | 0652822
3352308 | 6.436130 | 9.652349
2.809352 | 6.321979 | 9.990769
2.809358 | 6.321652 | 9.989850
2.448228 | 6.152010 | 10.232177
2.448235 | 6.151898 | 10.231652
2.310298 | 5.987174 | 10.093364
Steel-Aluminium 04 73310299 | 5.987064 | 10.092935

0.2

0.8

0.2

0.8

0.2

y _ 0.33533 2.255394 | 5.732798 9.537642
v = 0.34615 0.6

2.255445 | 5.732686 9.537146

0.8 2.258520 | 5.874837 9.440699

' 2.258414 | 5.453477 9.047567

0.9 2.223087 | 6.381117 | 10.567467

2.224018 | 6.380980 | 10.566875
2.050444 | 5.865405 | 10.710794
Tungsten-Aluminium 0-4 =5 051179 | 5.865266 | 10.710309
5;3'125 06 | 2006496 | 5530217 | 0568246
2.006565 | 5.539101 | 9.567671

2.060400 | 5.308516 | 8.883911
2.060452 | 5.308366 | 8.883313
3.223087 | 7.139275 | 10.91989
3.221416 | 7.138936 | 10.619406
3.797734 | 6.077439 | 9.997253
Aluminiu@'gungsten 04 73797706 | 6.077367 | 9.996747
V256f66666 06 | 3327982 | 6354572 | 9.292052
3.527960 | 6.354485 | 9.292463

2.858571 | 6.472948 | 10.206816
2.858605 | 6.472582 | 10.205816

0.8

0.2

0.8
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Table 14. Numerical comparison between the results in [10] and CDM.
Two-segment beam with the first constant segment and the second variable
segment. Cone beam.

o1 = Qg = 1.5
B D1 D2 P3
3.241992 6.890704 10.872190

0-2 773241097 | 6.890536 | 10.871682

3295517 | 6.585544 | 10.284771

Single material 04 73205519 | 6.585466 | 10.284399

N oG | 3135124 | 6355070 | 0.883600

3.135132 | 6.355880 |  9.883170

2.826031 | 6.098033 |  9.655944

08 5826067 | 6.007798 |  9.655200

3.601942 | 7.570925 | 11.289006

02 3601024 | 7570652 | 11.288512

1013659 | 6.625189 | 10.579703

Alum_inéum 04 ™ 1013651 | 6.625127 | 10.579268

L 5 88880 oG | 3653600 | 6750004 | 0.818821
3.653686 | 6.758005 |  9.8183760

3.005513 | 6.525742 | 10.241486

08 ™3005487 | 6525412 | 10.240488

2719027 | 6.366531 | 10.431558

0-2 75710020 | 6.363403 | 10.431012

2591143 | 6.257891 | 10.208067

Steelf&%?éggum 04 5501070 | 6257762 | 10.207648
 0at6is o |__25200643 | 5082285 | 0.7002030
7520663 | 5.982184 |  9.6997084
2.484248 | 5647080 |  9.2249650

08 5181001 | 5646931 9.224344

0 | 2485453 | 6604193 | 10.794795

2.485391 6.604093 10.794207
o 04 2.303951 6.171426 10.786371
Tungsten-Aluminium ’ 2.303799 6.171287 10.785913

f;g '125 06 | 22ATTTT | 5799427 | 9727984
2247773 | 5799312 |  9.727416

0 | 2280355 | 5486273 | 9.059468

2.280369 | 5.486060 |  9.058860

3444017 | 7.392360 | 10.993261

02 737124000 | 7.392008 | 10.992690

4142424 | 6.344458 | 10.200137

Aluminiu@';fungsten 04 1112405 | 6344406 | 10.199647
L 6.66666 06 | 3816945 | 6688364 | 9.456933
3816922 | 6.688486 |  9.456470

og |_3048076 | G.658406 | 10.461855

3.048054 6.658042 10.460753
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Table 15. Numerical comparison between the results in [11] and CDM.
Non-prismatic beam. Example (a) — a simply supported beam.
Example (b) — a cantilever beam.

Example (a) fl f2 f3 f4 f5 f() f7 fg
This paper | 188.44 | 757.97 | 1703.89 | 3027.50 | 4728.90 | 6808.07 | 9264.89 | 12099.20
[11] 188.44 | 757.99 | 1703.97 | 3027.75 | 4729.39 | 6808.80 | 9286.04 | 12103.70

Example (b)
This paper | 85.66 | 455.80 | 121.55 | 2350.21 | 3864.60 | 5746.44
[11] 85.66 | 455.80 | 1215.48 | 2349.93 | 3862.32 | 5752.45

11. Finally, in a recent paper 23] the free vibration frequency of an isotropic
beam have been found, for a variable cross-section with an exponential law:

A(z) = Ape’?,
(3.16)
I(z) = Ipe®,

where § is the non-uniformity parameter.

In Table 16 the free vibration frequencies given in Table 1, p. 82 of the paper
[23|, have been reproduced using CDM. The agreement is very good, both for
simply supported beams and for clamped-clamped beams. On the contrary, the
discrepancies for the first two free frequencies in cantilever beams are noticeable,
both for § = —1, —2 and for § = 1, 2, so that we have reproduced the calculations,
as described in [19], and the newly calculated results show an excellent agreement
with the CDM.

Consequently, it seems that the values given in [23| are misprinted.

4. CONCLUSIONS

The free vibration frequencies of tapered beams are studied, for arbitrary
variation laws of cross-sectional area and moments of inertia, in the presence
of rotationally and axially flexible supports. The beam is viewed as a set of
rigid bars linked together at discrete sections, in which stiffness and mass are
concentrated, and the resulting system with finite number of degrees of freedom
is so simple to analyze to permit a careful discretization, using a large number of
rigid bars (in our case, 300 bars). Several examples are treated in some details,
comparing exact and approximate results from the literature, and the proposed
approach always gives excellent results.
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APPENDIX 1

Cell1[n_,span , h1_, h2_, b , young_, p_,KTL , KTR_, kRL , kRR ] :=
MJdulel
{i, j, t, @, 10, A, z m, inerz are, k, V, A, K, M, FREQUENCIES},
t=(spam)/ (n-D; = b2/ h1;10= b hi> /12; A0 = b h;
z="Table{0, {i, 1, n}]; m =Table[0, {i, 1, n}];
inerz= Table[0, {i, 1, n}]; are = Table[0, {i, 1, n}];
k=Table[0, {i,1, n}, {j, 1, n}]; V =Table[0, {i,1, n—-1}, {j, 1, n}];
A =Table[0, {i, 1, n}, {j, 1, n— 1}]; K =Table[0, {i, 1, n}, {j, 1, n}];
M= Table[0, {i, 1, n}, {j,1, n}]; FREQUENCIES = Table[0, {i, 1, n}, {j, 1, n}]:
A(1]]1=0;4[n]] = span; Do[4][i]] = (i- D= t, {i, 2, n—1}];
Dolare[[i]] = AOx (A[i]l/span (¢ — ) +1), {i, 1, n}];
Do[iner4[i]] = 10« (4[i]l/span(a — 1)+ 1 "3, {i, 1, n}];
m[[1]] =p= are[[1]]* t/2; m[[n]] = p=are[[n]] » t/2;
Do[m[[i]] = p* are[[i]]* t, {i, 2, n—1}];
KI[1,1]] = young« iner4[1]] /(t/2); KI[n, n]] = young iner4[n]]/(t/2);
KI[1, 171 = K1, 171 /(1 + K{[1, 171/ KRL);
KI[n, n]l = KI[n, n]] /(1 + KI[n, n]]1 / KRR);
Do[ki[i, i]l = young« iner4[ill / t, {i,2, n—1}];
Do[VI[i, ill = -1/t V[[i, i+1]1=1/¢, {i, I, n-1}];
Do[A[[i, il = 1; Alli +1, ill= -1, {i,1, n—1}];
Do[MI[i, ill = 1/m[i]l, {i, 1, n}];
K = Transpose| V].Transpose[A]. KA. V;
KI(1,1]1 = K[[1,1]] + KTL; K[[n, n]] = K[[n, n]] + KTR;
FREQUENCIES = Sqrt[Chop[N[Eigenvalues|[MK]]11/ (2 7);
Return|FREQUENCIES|;
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